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SUMMARY

e l.
ro>

~The prOJect on “Finite Elements and localized Failure" was comprised

¢ of research on three different levels:
~(i))Experimental Work: ‘

. Stroke controlled post-peak experiments on plain concrete
specimens which were subjected to direct tension, triaxial
compression and direct shear).

° G {ii)Constitutive Work:
Homogenization of localized failure due to tensile cracking and
frictional siip in the form of the "—C;mposite Fracture Model™

Py which describes the degradation of strength within an elementary
volume of a fracture energy equivalent continuum. 7. I

y (i1i)Computational Work: o

P / Stabilization of strain-softening computations of localized

failure within solids subjected to tensile cracking and/or shear
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2. RESEARCH OBJECTIVES

The principal objective of the research project on "Finite Elements
and Localized Failure" was the limited ductility or rather the
“fragility" of particulate composites such as concrete under low
confinement. This facet of the material behavior controls the strength
and deformability of indeterminate structures which exhibit substantial
reserves as long as sufficient ductility accompanies the localization of
failure,

Within this endeavour several critical issues had to be addressed in
order to gain insight into the fundamental aspects of brittle-ductile
fracture. Since failure is a structural rather than a local constitutive
process involving stress redistribution and non-uniform deformation, the
research efforts encompassed several closely interrelated tasks on the

experimental, the constitutive as well as the computational level.

2.1 Experimental Issues

1. Under what condition does concrete failure reduce to a local
constitutive issue such that the degradation of strength and
stiffness on the structural level does directly reflect the
effects of localized strain-softening?

2. To what extent is progressive concrete failure a surface driven
fracture phenomenon of singular macrodefects rather than the
result of distributed microdefects within a volume driven damage
process?

3. Is there a transition between brittle fracture and ductile
flow which separates softening from the hardening response

regime and where is it located?

%
;




2.2

N T SR AT DR

Are tensile cracking and shear faulting separate failure
mechanisms due to debonding and decohesion or is the development
of shear bands simply the result of coalescing tensile cracking?
Is dilatancy a frictional mechanisms associated with the loss of
normality or is it simply another facet of fracture under mixed
mode conditions?

To what extent is brittle failure the result of tensile
straining rather than tensile stressing?

Is the 10ss of strength in the post-peak regime accompanied by
simultaneous degradation of stiffness which in turn introduces

strong elastic-plastic coupling?

Constitutive Issues

l.

B L NG SO RS- PO I S TS

Can the differences of discrete and distributed failure analysis
be reconciled by incorporating fracture energy concepts into the
strain-softening formulation of "equivalent" continua?

Can a "nonlocal” constitutive formulation be developed which
captures the transition of failure from tensile cracking to
shear faulting which gradually diffuses into continuous
hardening under increasing confinement?

Is failure an anisotropic phenomenon which requires storage and
monitoring of vector- or tensor- valued state variables instead
of scalars oniy?

Can the elastic-plastic coupling be neglected as a first
approximation or do we have to account for the simultaneous

degradation of strength as well as stiffness?
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2.3

[s there a necessity for rate sensitive constitutive
formulations such as viscoelasticity or viscoplasticity in order
to assure positive definiteness of the underlying constitutive
operators?

Does the strain-space setting of strain-softening plasticity
resolve the difficulties of stable peak and post-peak
descriptions or is the latter simply an issue of the driving

control variables?

Computational Issues

1.

Can the computational difficulties of discrete fracture analysis
with continuously changing fracture topologies be resolved by
"equivalent" strain-softening formulation of the constitutive
behavior?

What is the basic difference between the proposed composite
fracture model and the discrete crack analysis in fracture mech-
anics with regard to fracture energy release rate computations?
To what extent do progressive failure computations within the
proposed composite fracture model circumvent the topological
difficulties of Lhe fictitious crack model of Hillerborg et al.
and those of the imbricate continuum theory by Bazant et al.?
What are the restrictions for uniqueness and stability of
contained strain-softening computations with regard to the
maximum mesh size?

What are the numerical requirements for capturing localization
and propagation of contained strain-softening regions within a

solid?




6. To what extent can post-peak response predictions of
strain-softening computations be stabilized by displacement or
e arc-lengtt control of the underlying incremental/iterative

solution strategy? |
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3. SIGNIFICANT ACCOMPLISHMENTS
The diverse research efforts on "Finite Elements and Localized
Failure" resulted in several significant accomplishments which are

summarized below within three groups of activities:

3.1 Experimental Results

Three different sets of experiments were carried out to examine the
post-peak response behavior of plain concrete specimens subjected to
direct tension, triaxial compression and direct shear 1oading histories.
All experiments were carried out with a servo-controlled MTS-testing
system in order to study the load-displacement response and fragility
behavior of concrete failure under low confinement and the localization
of failure regions when the specimer was loaded into the post-peak

regime.

a. Direct Tension Experiments
The principal results of these experiments are illustrated in Figs.
1, 2, 3 and 4. The response curves depict the axial force-displacement
(stroke) behavior when NX-size cylindrical concrete specimens of D = 54
mm diameter and H = 108 mm height were subjected to monotonic loading
histories with partial unloading.
The experimental observations support the following conclusions:
(i) loncrete failure in direct tension is an extremely brittle
fracture phenomenon which is difficult to control in a stable
fasnion if unnotched specimens are utilized.
(i1) Tensile cracking is clearly a fracture energy dominated process
in which the energy release per unit of newly generated crack

surface plays a fundamental role. In fact the direct tension
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experiments with unnotched cylindrical concrete specimens of
different height clearly support the hypothesis of a constant
fracture energy release rate in tension, i.e. G; = const.

(111) The degradation of tensile strength during debonding
consistently follows an exponential decay function when the
nominal tensile stress is plotted versus the overall extension
of the tension specimen.

(iv) The tensile fracture mechanism fully supports the formation of a
singular macrodefect which is oriented perpendicular to the
direction of major principal stress, while the contiguous
regions of the specimens unload elastically. As a result, the
overall extension of the tension specimens furnishes a global
measure of the crack opening displacement during tensile
debonding.

(v) The degrading bond strength is fully recoverable under cyclic
loading-unloading conditions., Separation takes place along an

extremely tortous crack surface with strong "aggregate

interlock" in direct tension.

(vi) There is considerable degradation of tensile stiffness in the
post-critical response regime, i.e. the unloading-reloadinyg
branches indicate a progressive reduction of the slope near ze:o
residual strength.

(vii) Direct tension experiments on cylindrical test specimens of
different height and constant cross-section support the fracture
energy release concept of a single macrodefect rather than the

damage concept of distributed microdefects. Representative

11




values for the fracture energy release rate of low strength
concrete with fé = 22.1 MPa are in the range of G} = 60 N/m

for full height and halfheight specimens

t
1 al¢
{ G, = - = - o duZ = 56 to 62 N/m (1)

f f oAy up

b. Triaxial Compression Experiments

The principal results of these experiments are illustrated in Figs.
5, 6, and 7 which depict the axial fovce-displacement (stroke) and the
lateral versus the axial displacement (stroke) response when NX-size

cylindrical concrete specimens were subjected to confined triaxial

STV .. A Sy ¢ ® e 5 E——

compression., The experimental observations support the following

conclusions:

(1) The strength and dictility increase dramatically with increasing
confipring stress,

(i1) fhere is a distinct transition from brittle to ductile fracture,
whereby the softening failure mechanism gredually transforms
into continuous hardening,

(i11) The partial unloading branches during axial locading in the pre-
and post-peak regime indicate surprisingly little degradation cf

stiffness.

PN T VLA MERS S T RIS P S S S 2 AN

‘v) The lateral deformations illustrate the strong frictional

dilatation which diminishes rapidly with increasing confinement,

RSP RPAP ¥ - 3

(v) The failure mode changes gradually from “compressive splitting”

under uniaxial compression to inclined shear faulting under

12
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(vi)

= (-

increasing confinement. Beyond the transition point failure
transforms slowly into diffuse damage within the entire
specimen,

The modulus c¢ toughness provides a first approximation of the
strain energy release during compressive splitting in unconfined
compression when the energy dissipation in the hardening regime

is discarded

Yr

C
Ug = P, du, «-10.91 Mm (2)

Yp

In view of the compressive splitting mode of failure, the crack
surface area is ill-defined. However, if we assume that the
fracture enerqy release rate G} = 60 N/m controls the
splitting mode of failure the unknown crack surface area A_
can be evaluated from
e
1 f 2
Gf = e—— + A 30.18m (3)
A ¢
c
This value is almost hundred fold the cross-sectional area of

the cylindrical test specimen which corresponds to the crack

surface area in the direct tension test
A=A = 2.29 x 1073 m? (4)

Fig. 8 summarizes these fracture energy interpretations of the
post-peak experiments which are consistent with the 8-10 fold
increase of uniaxial compressive strength over the tensile

strength,

16
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Direct Shear Test:

° T
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Gf z - = 2430 Nm
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S
. LW
—t
|€ U, u,
Figure 8 Fracture Energy Release Calculations
®
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¢. Direct Shear Experiments

The principal results of these experiments are illustrated in Figs.
9, 10 and 11 which depict the experimental set up and the nominal
shear stress versus relative lateral displacement response. To this end
prismatic concrete specimens of the size 103 x 117 x 204 mm were
subjected to different normal confining pressures and subsequently
sheared., The experimental observations support the following
conclusions:

(i) The peak strength and residual strength values exhibit a
substantial increase with increasing confining pressure in
accordance with the concept of frictional materials. The
residual shear strength does not increase proportionally with
the confining pressure indicating that the angle of interna)
friction decreases with confinement.

(i1) Spontaneous energy release under low confinement diminishes with
increasing confinement level in favor of a stable post-peak
response throughout the shearing process,

(11i1) The contained failure process in the direct shear specimen is
initiated by distributed tensile cracking well before reaching
peak strength. This initial cracking phase is followed by
compressive strut-action at peak and subsequent localization of
a discrete shear band due to mixed mode fracture at the residual
strength level,

(1v) The highly non-homogeneous failure process during mixed mode

|
E
s
8
5
%

fracture requires inverse identification of the underlying
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(iv, vi) and location of relative displacement LVDT feeler
rods in later experiments (v).
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Nominal shear stress, MPa

Fig.

Nominal
g =6.9 MPa
! n
= 3.45 MPa
= 1.38 MPa
= 690 kPa

Relative horizontal displacement (x 10'3 m)

1 Nominal shear stress-relative displacement response
curves for concrete specimens in the direct shear
apparatus.
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material parameters in order to interprete the response behavior
and in particular the “fragility" of the specimen.

(v) The traditional measures of ductility in terms of the ratio
between the modulus of resilience and the modulus of toughness
is of little meaning particularly since continuous shearing
takes place at the residual strength level in form of relative
rigid body translation of the upper versus the lower portion.

(vi) The fracture energy release rate for developing the shear band
provides a more appropriate measure of ductility which remains
fairly insensitive of the level of confining normal stress. The
area under the descending portion of the lateral force-lateral
displacement diagram provides a first approximation of the
strain energy release rate for Mode II fracture when the energy

dissipation in the pre-peak regime is discarded

Ur Vr

u§=ljj P, du]+£ P du = -50 Nn (5)
P p
The second term in Eq. 5 represents the release due to shear
dilatancy in the post-peak regime which contributes less than 20% to the
energy balance in the case of a normal confining pressure of 9 =
1.38 MPa. Fig. 8 illustrates the interpretation of the post-peak
response in terms of fracture energy considerations for Mode I and Mode

I1 failure, Since the fracture surface at the residual strength level

22



corresponds to the cross-sectional area, the fracture energy release rate

for mode Il type failure follows from eq. 5

s
alg

IT . _ T L2430 N/m with A, = 2.06 x 10-M%  (6)

G, =
f
3A

which is almost fifty times the fracture energy release rate for tensile
cracking, G} = 60 N/m., This large value is consistent with the large
increase of strain energy release in compression and lends itself to a
fracture mechanics interpretation of the direct shear test with a well
defined slip surface because of the box confinement, Clearly, in view of
the different orders of magnitude of Gg and G}E concrete failure

will always be preceded by tensile cracking. However, the post-peak
behavior in direct shear is controlled by the separate fracture mechanism
of decohesion which is responsible for the formation of a distinct shear
band when the inclined compressive struts are sheared. It is interesting
that the "structural aspects” of the direct shear test clearly support
two distinct fracture mechanisms in spite of the complexity of this
experiment.

(vii) Interpretation of the underlying softening mechanism is
complicated by the interaction of debonding during tensile
cracking in the pre-peak regime and the subsequent decohesion
during shearing of the compressive struts in the post-peak

regime, Parametric finite element studies clearly indicated

that these mechanisms are distinctly different and that the
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degradation of shear strength in the post-peak regime is
primarily controlled by decohesion rather than debonding.

(viii) During shearing the confined specimen is subjected to
substantial dilatancy which results in considerable vertical
uplift during softening in the post-peak regime.

(ix) There is little change in the shear strength degradation for
nominal confinement levels between 0.69 < o, < 6.9 MPa, In
fact mode I1 type fracture of concrete is always preceded by
tensile cracking and thus mobilizes failure below the transiticn

point for brittle-ductile fracture.

3.2 Constitutive Results

The principal modelling e“fort was directed towards the development
of strain-softening relations for tensile cracking and frictional slip
with the understanding that strain-softening does not constitute a local
material property. The fracture energy concept of Gf = const was
introduced in order to homogenize the surface dominated failure mechanism
within an elementary volume element of finite dimension. For mode [ type
cracking this infers that the fracture energy of opening a discrete crack
of surface dA; is equivalent to the energy released during straining

the elementary volume dVo in tension up to rupture

. ot
G, A = /{ o dug dA = [ & dgdV, (7)

t ve

This fracture energy equivalence furnishes the relationship between the

crack opening displacement dus in the cracked discontinuum and the

tensile fracture strain def of the homogenized continuum




duf = :_e def (8)
t

Ay/Ve is a measure of the crack density which lends itsel? to the
interpretation of crack spacing hy=Vg/Ay. Fig. 12 illustrates the

® composite fracture model for uniaxial tension. In this case the
homogenization of a sinqle tensile crack within the elementary volume
does not require further explanation, it remains to be said that the

[ ] generalization to two- and three dimensions is fairly straight forward.
In fact the composite fracture theory was successfully adopted to develop
a fracture energy based strain-softening plasticity model for tensile

¢ cracking, see Appendix B. In this case the equivalent tensile fracture
strain ¢f was utilized as control variable in order to monitor

strain-softening of the fracture energy equivalent continuum in terms of

® the following relationship Latween the softening moduii Ef-Ey

- _t__t e 9
f dug A d't (9)

Note that the strain-softening modulus E¢ is directly expressed in
do

terms of the fracture modulus Ed = d—t- which represents the post-peak
u
f

'Y slope in terms of the primary test variables, the nominal strength o
= P/A and the overall crack extension ug. In this context the
characteristic length hy = V,/Ay converts the “crack-opening

© displacement” into equivalent tensile strain of the homogenized
continuum,

Except for this novel definition of the softening modulus E¢ the

® resulting strain-softening plasticity model follows the established
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Equivalent Continuum

Fig. 12 Composite Fracture Mogel
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concepts of plasticity theory and leads to the following incremental

stress-strain relationship

- \E m:nHE

e (10)
Ef«nHE:n

¢ = ETg wherelET = IE

For isotropic degradation of the tensile strength gy = o(ef) a single
softening relationship suffices to monitor the cracking status in all

directions in terms of the equivalent tensile fracture strain

¢ = J<epl ¢ <epl + <epl (11)
In view of the inherent directionality due to tensile cracking this is
clearly a gross simplification which is, however, conservative since the
major stress component ¢, = o controls the degradation of tensile
strength, Extension to anisotropic softening along the three principal
direction does not introduce conceptual difficulties but requires

eparate monitoring of three independent strain-softening processes.
However, the usual assumption of permanent crack-memory does require
special prcvisions for "induced anisotropy” such as kinematic rules,
back-stress meaures etc. in order to accommodate rotation of the crack
directions during rotation of the principal directions.

The “"main accomplishment” of the constitutive development was the
generalization of the composite fracture theory from Mode 1 type cracking
to mixed mode fracture, In fact compressive splitting as well as
strain-softening during shear-faulting under triaxial compression could
be reconciled within the format of the fracture energy based

strain-softening plasticity model delineated in Appendix B. The increase
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of strength and ductility with increasing confinement was accomplished
via the Leon generalization of the Mohr-Coulomb criterion plus tension
cut-off and the adoption of €¢ in Eq. 11 as control variable for
tensile softening., Thereby the tensile strength degrades simultaneously
with the internal cohesion, while the internal friction increases in
order to retain a residual strength envelope which passes through the
transition point of brittle-ductile failure. The softening modulus Ef
diminishes to zero with increasing confinement since the value of the

characteristics length h decreases rapidly in compression

I
G
h=9_._f where G}I >> G: (12)
dA 11 t
f

It is particularly appealing that softening in compression as well as
tension can be unified within the concept of the composit. fracture
theory, whereby the equivalent tensile fracture strain gf is the main

control variable for the entire failure process.

3.3 Computational Results

Recent computational issues have focused on the well-posedness of
quasistatic and dynamic strain-softening computations and tne underiying
uniqueness and stability of the numerical results. In the context of the
research on "Finite Elements and Localized Failure" these issues had to
be addressed because of the structural aspects of strain-softening
computations., In other words, stable overall response behavior of the
structure is only possible if the strain-softening regime is "contained"

within the intact elastic portion of the structure and if the solution is
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stabilized by displacement or general arc-length control, Therefore,
spatial localization of the material instabilities is of crucial
imgcrtance for the stable control of the overall structural response., It
is this strong interaction between the space and time (load) domain which
is critical for the survival of the numerical failure simulation. The
papers in Appendices C and D summarize the fundamental aspects of
quasistatic and dynamic failure analyses with the aid of one dimensional
model problems.

Considering the incremental energy balance between the intact
elastic storage region V-V¢ and the energy release region V¢ the

difficulties of progressive failure computations become apparen’ .

1 otc l oto l oto 1 cto
- o ¢ dv + — dv = wds + = W, ds 13
RIS ST ARURE S 5 Ll S .
f f o] u
Adsorption Release Positive Positive/Negative

The finite element discretization of the space domain demonstrates
clearly the equivalence between the crack driving force in fracture
mechanics of discrete crack extension and the equivalent fracture load

due to progressive strain-softening in the homogenized continuum,

t
~ dB t
f
where G, = - rt dR
- f f
and dof = E deg
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The principal difference between the discrete and the distributed
fracture approach centers around the role of the crack surface area dA,
which is in the first case the primary control variable while the
strain-softening region V¢ is only a secondary result of distributed
failure analysis. In the latter case the geometric extent of the failure
zone is only defined indirectly in terms of the "loading condition" in

the displacement (strain) driven computational algorithm

n% ¢>0 (14)

This condition has to be interpreted for 1oad increments which are truly
finite, and it leads to the concept of for "iterative reversibility" in
order to allow for elastic unloading. This aspect is of utmost
importance, if elastic snap-back and sharp localization of the
strain-softening regime are to be captured.

Appendix D describes a dynamic model problem which illustrates
strain-softening effects and localized deformation trapping in the case
of wave propagation in an axi.l force member. The bar was subdivided
into 9, 21 and 97 finite elements of equal length and subjected to
constant end velocities ¢ = 0,5 <p amounting to 50% of the acoustic
wave speed, Fig. 13 describes the lay-out of the model probliem in which
the predictions of the traditional strain-softening approach with Ef =
const. (independent of mesh size) were compared with those of the
composite fracture model with Gf = const. (mesh size dependent value of
the strain-softening modulus, Ef # const.).

The resulting stress histories are depicted in Fig, 14 which clearly
demonstrates the strong mesh-sensitivity of the traditional E¢ =

const. approach, In fact Fig. 15 illustrates the rapid decrease of the
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fracture energy which diminishes to zero with decreasing mesh size, i.e.
Gf »+ 0 as h » 0 when Ef = const, On the other hand the composite
fracture model maintains fracture energy release rates which remain
constant irrespective of the mesh size, Fig. 16 illustrates the time
history of strain localization at the center of the tension specimen for
the three idealizations, Clearly, it is primarily a question of spatial
resolution to capture tensile cracking by strain-softening of an
equivalent continuum, It is rather intriguing that both strain-softening
models reproduce the actual separation phenomenon in the form of
deformation trapping in the center element, whereby the conventional
strain-softening approach with £¢ = const. leads to a more pronounced
strain localization according to the analytic solution of strain
singularity in a domain of measure zero, i.e. ¢ + =as h » 0, Obviously,
both continuum models cannot capture the actual separation and
concomitant displacement discontinuity of the center of the bar, however,
both strain-softening formulations simulate the fracture process in the
form of deformation trapping, whereby the composite fracture model

maintains a constant fracture energy release rate irrespective of the

mesh size.
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4, LIST OF TECHNICAL PUBLICATIONS
In the course of the research on "Finite Elements and Localized
Failure" the following papers were or are in the process of being

published in technical conference proceedings and technical Journals.

4.1 Technical Papers
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(1] Christensen, J., Ickert, K., Stankowski, T., Sture, S. and Willam,
K., "Numerical Modeling of Strength and Deformation Behavior in the
Direct Shear Test", Intl. Conf, Constitutive Laws for Engineering
Materials, Tucson, Jan. 10-14, 1983, Proc. eds C.S. Desai and R.H,

Gallagher, University of Arizona (1983), pp. 537-544,

(2] Christensen, J, and Willam, K., "Finite Element Analysis of Concrete
Fracture in Shear", Air Force Symp. Interaction of Non-Nuclear
Munitions with Structures, Colorado Springs, May 10-13, 1983, Proc.
Part 1 (1983), pp. 101-106.

{3] Sture, S., "Experimental Modeling of Strength and Deformation
Behavior of Concrete in Direct Shear", Air Force Symp. Interaction
of Non-Nuclear Munitions with Structures, Colorado Springs, May
10-13, 1983, Proc. Part I (1983), pp. 95-100.

(4] Willam, K., "Experimental and Computational Aspects of Concrete
Fracture", Intl. Conf. Computer Aided Analysis and Design of
Concrete Structures, Split, Sept. 17-21, 1984, Proc. eds. F.
Damjanic, E. Hinton, D.R.J. Owen, N, Bicanic, V. Simonic, Pineridge

Press, Swansea (1984), pp. 33-70.

[5] Bicanic, N., Sture, S., Hurlbut B. and Day, S., "On the Prediction
of the Peak and Post-Peak Behavior of Concrete Structures", Intl,
Conf. Computer Aided Analysis and Design of Concrete Structures,
Split, Sept. 17-21, 1984, Proc. eds. F. Damjanic, €. Hinton, D.R.J.
Owen, N, Bicanic, V. Simonic, Pineridge Press, Swansea (1984), pp.

245-260.

(6] Willam, K., Bicanic, N. and Sture, S., "Constitutive and
Computational Aspects of Strain-Softening and Localization in
Solids", ASME-WAM'84 Symp: Constitutive Equations: Macro and
Computational Aspects, New Orleans, Dec. 10-14, 1984, ASME Symp.
Yolume G00274, ed. K, Willam, New York (1984), pp. 233-252.

[7] Willam, K. and Sture, S., "A Composite fracture Model for Localized

Failure in Cementitious Materials,” 2nd Air Force Symp. Interacticon
of Non-Nuclear Munitions with Structures, Panama City Beach,

Florida, April 15-18, 1985, Proc. (1985), pp. 272-277.
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[8] Willam, K,, Hurlbut, S. and Sture, S. "Experimental and Constitutive
Aspects of Concrete Failure", U.S.-Japan Symp. Finite Element
Analysis of Reinforced Concrete Structures, Tokyo, may 21-24, 1985,
Proc. Part [ (1985), pp. 149-171. Revised paper will be published
Py in ASCE Volume on Finite Element Analysis of Reinforced Concrete
Structures, New York (1986).

(9] willam, K., Pramono, E. and Sture, S., “Stability and Uniqueness of
Strain-Softening Computations,” Europe-U.S. Symposium Finite Element
Methods for Nonlinear Problems, NIT Trondheim, Norway, Aug. 12-16,
® 1985 Paper will be published in Special Conference Volume by
Springer Verlag, Berlin, Heidelberg (1986).

[10] Wiltlam, K., Bicanic, N., Pramono, E. and Sture, S., "Composite
Fracture Model for Strain-Softening Computations for Concrete",
Int. Conf, Fracture Mechanics of Concrete-Fundamentals and
o Applications, EPF Lausanne, Switzerland, Oct. 1-3, 1985, Paper will
be published in Conference Proceedings by Elsevier Science
Publishers, Amsterdam (1986).
For speedy disemination of the different results of the Air Force
® project several research reports were published within the "Structura)
Research Series" of the Department of Civil, Environmental and

Architectural Engineering at the University of Colorado, Boulder.

4,2 Technical Reports

(1] XK. Willam, S. Sture, N. Bicanic, J. Christensen and B. Hurlbut,
"Identification of Strain-Softening Properties and Computational
Predictions of Localized Fracture", Structures Research Series 8404-
o Boulder, 1984, pg. 192.

[2] K. Willam, N. Bicanic and S. Sture, “Constitutive and Computational
Aspects of Strain-Softening and Localization in Solids," Structures
Research Series, 8406 - Boulder, 1984, pg. 20.

@ (3] K. Willam, B. Hurlbut and S. Sture, "Experimental and Constitutive
Aspects of Concrete Failure", Structures Research Series 8502 -
Boulder 1985, pg. 29.

(4] K. Willam, E. Pramono and S. Sture, "Stability and Uniqueness of
Strain-Softening Computations"”, Structures Research Series 8503 -
@ Boulder, 1985, pg. 24.

(5] XK. Willam, N. Bicanic, E. Pramono and S. Sture, "Composite Fracture

Model for Strain-Softening Computations of Concrete™, Structures
Research Series 8506 - Boulder, 1985, py. 14,
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In addition the following three master theses were published in report

form in order to record pertinent results of the on-going Air Force

project.

- [6] J. Christensen, "Computational and Experimental Investigation of
Concrete Failure in Shear", M.Sc. Thesis, CEAE Department,
University of Colorado, Boulder, 1983, pg. 232.

[7] S.E. Day, “A Softening Plasticity Model for Concrete", M.,Sc. Thesis,
CEAE Department, University of Colorado, Boulder 1985, pg. 215.

(8] B.S. Hurlbut, "Experimental and Computational Investigation of
Strain-Softening in Concrete", M.Sc. Thesis, CEAE Department,
University of Colorado, Boulder, 1985, pg. 128.

36




5. LIST OF PROFESSIONAL PERSONNEL

During the funding period 1982-85 the Air Force project, "fFinite
Elements and Localized Failure" provided continuous financial assistance
for the following personnel:

(i) Two Principal Investigators: Kaspar Willam
Stein Sture

3 Academic Years: 10 and 15% release time for two PI
3 Summers: 1 and 2 months summer support
for two PI
(i1) Post-Doctoral Research Nenad Bicanic
Associate: (Senior Lecturer at Dept., of

Civil Eng., University of
College, Swansea)

1 Acadgemic Year: 100% support for one RA

(111) research Assistants: James Christensen (Martin
Marietta Aerospace, Denver, CO)
Shari Day (Failure Analysis
Asscc., Palo Alto, CA)
Bryan Hurlbut (Applied Mechanics
Inc., Lakewood, CO)
£ddy Pramono

3 Academic Years: 50% support for two students/AY
3 Summers: 2 months support for two
students/summer

{.v) Laboratory Ass.stants: Hourly Employees
Veara: 500 hrs/year
VY StLTELeridl et Part-time Assistance
s Tears Vi support for one secretary
p.a.

wa o wae LundING paliow wnree fo.zarcs assistants completed their
Ater on Stience segren, coch wiln o nubstantial thesis involving
Crpfim e CunsiItutive as wel, oS computational research. In the

newawnille, ¢.. varee ndaster souadents are placed in challenging positions
Toter Lerosgace inoausuty oo .ompuler-oriented consulting farms,  The
‘ourth rescarcn assistant scartea nis Ph,D. studies in Summer 1984 and

SNoula compicle 1S wissercation witnin another 1.5 years,
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6. LIST OF ORAL PRESENTATIONS

In view of the strong interest on concrete failure the principal
investigators participated very actively in workshops, conferences and
international symposia in order to present early results of the Air Force
project on "Finite Elements and Localized Failure". In fact, one of the
principal investigators organized a Symposium on "Constitutive Equations:
Macro and Computational Aspects" during the ASME Winter Annual Meeting
1984, New Orleans Dec. 10-14, 1984 with 17 papers and a set of
substantial Conference Proceedings of 272 pages. The chronological list
below summarizes the presentations of technical meetings and university

seminars during the funding period 1982-1985.

6.1 International Conferences

1. "Numerical Modeling of Strength and Deformation Behavior in the
Direct Shear Test", Intl. Conf. Constitutive Laws for Engineering
Materials, Tucson, Arizona, Jan 10-14, 1983.

2. "Finite Element Analysis of Concrete Failurc in Shear", Air Force
Symp. Interaction of Non-Nuclear Munitions with Structures, U.,S. Air
Force Academy, Colorado Springs, May 10-13, 1983.

3. "Experimental Modeling of Strength and Deformation Behavior of
Concrete in Direct Shear", Air Force Symp. Interaction of
Non-Nuclear Munitions with Structures, U.S. Air Force Academy,
Colorado Spring, May 10-13, 1983,

4. "Finite Element Modeling of Concrete Failure in Shear", 4th ASCE -
Engineering Mechanics Specialty Conference, Purdue University,
Lafayette, May 23-25, 1983,

5. “Computational Stability and Uniqueness of Strain-Softening
Materials", W, Prager Symposium on Mechanics of Geomaterials,
Northwestern University, Evanston, Sept. 11-15, 1983,

6. "Strain-Softening, a Material Property, that is the Question?" ASCE
Spring Convention, Atlanta, Georgia, May 14-18, 1984,

38




10.

12'

13.

14.

15.

16'

"Composite Damage Model for Localized Fracture", 5th ASCE -
Engineering Mechanics Specialty Conference, University of Wyoming,
Laramie, Aug. 1-3, 1984,

"Continuous Fracture Computations and Strain Localization in
Cementitious Solids Subjected to Tension and Shear", XVIth [UTAM
Congress of Theoretical and Applied Mechanics, Lyngby, Denmark,
Aug. 19-25, 1984,

"Experimental and Computational Aspects of Concrete Fracture, Intl.
Conf, Computer Aided Analysis and Design of Concrete Structures",
Split, Yugoslavia, Sept. 17-21, 1984.

"Constitutive and Computational Aspects of Strain-Softening and
Localization in Solids", ASME-WAM'B84 Symp. Constitutive Equations:
Micro, Macro and Computational Aspects, New Orleans, Dec. 10-14,
1984,

"A Composite Fracture Model for Localized Failure in Cementitious
Materials", 2nd Air Force Symp. Interaction of Non-Nuclear Munitions
with Structures, Panama City Beach, Florida, April 15-19, 1985.

“Experimental, Constitutive and Computational Aspects of Corcrete
Failure", U.S.-Japan Symposium on Finite Element Analysis of
Reinforced Concrete Structures, Tokyo, May 21-24, 1985.

“Computational Modeling of Material Softening", 2nd Joint ASCE/ASME
Mechanics Conference, Albuquerque, June 23-26, 1985.

"Stability and Uniqueness of Strain-Softening Computations",
Europe-US Symposium Finite Element Methods for Nonlinear Problems,
NIT Trondheim, Norway, Aug. 12-16, 1985,

“Computational Modeling of Distributed and localized Fracture®, 8tn
Int1, Conf, Structural Mechanics in Reactor Technology, Aug. 19-23,
1985,

"Composite Fracture Model for Strain-Softening Computations of

Concrete", Int, Conf. Fracture Mechanics of Concrete-fundamentals
and Applications, EPF Lausanne, Switzerland, Gct. 1-3, 1985,

6.2 Workshops and University Seminars

“Finite Element Modelling of Concrete Failure in Shear", Graduate
Seminar at Northwestern University, Evanston, May 20, 1983,

“Computational Aspects of Concrete Mechanics," US-Dutch Cooperative
Research Symposium, Delft University of Technology, Delft, June
22-24, 1983,

"Mchtiineare Stoffmechanik und Finite Elemente" Graduate Seminar,
University of Innsbruck, June 29, 1983,
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"Finite Elements and Localized Failure", US-AFWL Material Properties
Meeting, Albuquerque, Oct. 3, 1983.

"Strain-Softening, Experimental and Computational Aspacts", U.S.
Army Waterways Experiment Station, Vicksburg, Jan. 17, 1984,

“Experimental Results on Concrete railure”, Workshop on Inelastic
Detormations and Failure Modes, Northwestern University, Evanston
Nov. 18-21, 1984,

"Experimental and Computational Asp:cts of Strain-Softening", Hardy
Cross Lecture, University of Iilincis at Urbana-Champaign, Anril 19,
1985,

"Strain-Softening Computations ¢, Brittle Failure Processes",
Graduate Seminar at Lund Institute of Technology, Lund, Sweden,
Aug. 16, 1985,

"Experimental, Constitutive and Computational Aspects of Concrete

Failure," Seminar at Applied Mechanics Division, Sandia National
Laboratories, Albuquerque, Nov. 8, 1985,
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7. NEW FINDINGS

The research effort on "Finite Elements and Localized Failure" led
to a better understanding of brittle-ductile failure phenomena in
particulate composites such as concrete. Most of the findings were
listed in Section 3 above under the heading of significant
accomplishments on the experimental, the constitutive and computational
fronts.

The most important result of the investigation on concrete fragility
is that concrete failure is a fracture driven process in which the
nominal tensile strain plays an instrumental role to homogenize the
effect of coalescing microdefects into a single macrodefect. In fact
strain-softening is not a local material phenomenon but rather the
consequence of distributing the degradation effects of microdefects in an
elementary but finite volume, Therefore, the principal issue of
extracting useful fragility information from servo-controlled post-peak
experiments on laboratory specimens centers around the homogenization of
the fracture process in the discontinuum by an equivalent
strain-softening continuum,

To this end a series of servo-controuiled experiments were performed
on cylindrical and prismatic concrete specimen .* ‘rovided unique
data of concrete strength and deformation behavio 211 as fragility
when sudbjected to direct tension, triaxial compression and direct shear.
The experiments furnished quantitative evidence on the brittle-ductile
transition of ‘ylindrical failure which diffuses entirely under
sufficient confinement., The different tests, also substantiated two

different failure modes, (i) a planar failure mode under direct tension
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and direct shear due to progressive debonding and decohesion, and (ii) a
cylindrical failure mode under triaxial compression due to simultaneous
decohesion and increase of internal friction. The two different failure
modes support the concept of tensile strain as the control variable for
the degradation of strength, whereby planar failui > is caused by the
single value of major principal strain, while axisymmetric or cylindrical
failure is the result of doubie valued major principal strains.

For interpretation of these failure phenomena the "Composite
Fracture Theory" was developed which resorts to the fracture energy
release rate in order to monitor the fracture process in an elementary
volume of finite size by "equivalent" strain-softening. In this way the
fracture mechanics of tortuous cracking in brittle solids is replaced by
fracture enerqgy equivalent strain-softening. In fact the traditional
format of strain-softening plasticity could be readily adopted, except
for the new definition of the strain-softening modulus E¢ in terms of .

the fracture energy release-rate Gf and the crack density per unit

volume
E - dot i dqt duf : Ve -
f - Y
dZG} :
where Ed s - with Gf = | oy duf
f u.
dv
and € h
dA, t

The resulting tangential material law

42

iy T A ANY Ay iy ATk - YA N




_En mtIE

0 = ET ¢ where ET = |E -
E., + nEn
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maintains constant fracture energy release rate when the elementary
volume is subjected to fracture up to rupture where the stress reaches
the residual strength level. Although the composite fracture model was
initially developed for tensile cracking it was further extended to
include the prevalent strength and failure phenomena in compression, such
as "splitting compression” and “"shear faulting". Beyond the
brittle-ductile transition point the strain-softening formulation reverts
to strain-hardening during which volume driven damage accumulation
replaces the surface driven fracture process. As a result the composite
fracture model covers the entire spectrum of failure phenomena of
cccrete, starting from brittle tensile cracking under Mode | type
fracture, to increasingly ductile fracture up to continuous hardening
beyond the transition point under sufficiently high confinement.

The ensuing strain-softening computations of fracture energy
equivalent elastic plastic solids lead to stringent prerequisites of the
numerical simulation procedure. The spatial discretization with finite
elements is 1imited by mesh size restrictions for Yccal stability and the
numerical integration has to make proper provisions for elastic unloading
in order to allow for snap-back and concomitant strain localization in
load increments which are truly finite. Contained fracture calculations
require numerical stabilization with displacement and/or arc length
control with computational strategies which are sufficiently robust to
survive local instabilities and which are on the otner hand sufficiently

sensitive to detect failure of the overall structure.
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8. CONCLUDING REMARKS AND FUTURE WORK

Considerable progress was made in improving the understanding of
concrete fragility. Novel post-peak experiments were performed in
unnotched concrete specimens which demonstrated the brittle-ductile
transition of failure. In addition the composite fracture theory was
developed in order to monitor the fracture energy release rate within the
framework of strain-softening plasticity. The computational issues of
contained strain-softening computations were addressed in quasistatic and
dynamic environments.

Several issues remain, however, unresolved and deserve further

attention:

(1) For a better understanding of the actual failure process in
particulate composites such as concrete "mesomechanical" studies
are needed on the experimental as well as computational level.
In this case concrete could be resolved into its constituents,
the aggregate, the hardened cement paste and the interface in
order to examine the mesomechanical aspects of damage and
fracture in particulate composites. In view of the experimental
difficulties with SEM, CAT-SCAN X-ray, hypersonic and acoustic
emission techniques a probabilistic numerical simulation would
provide valuable information on the internal microprocesses and
the associated macrophenomena in conjunction with a substantial
experimental data base.

(11) The "anisotropy” or rather the load history effects of failure
should be <tudied in more detail in view of the strong
directionality of damage and fracture and the large difference

in ductility between planar and cylindrical failure. To this
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(iii)

end servo-controlled laboratory experiments could provide very
valuable information for loading histories involving large
rotations of the loading direction,

The stabilization of contained strain-softening computations
deserves immediate attention. The development of robust
algorithms for post-critical response calculations is of great
practical importance for reliable fragility analyses of actual

structures,
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CONSTITUTIVE AND COMPUTATIINAL ASPECTS NF
STRAIN-SOFTENING AND LOCALLZATION IN SQLIDS

Kaspar J. Willaa
Nenad B{canice

Stein Sture

Departrent of Civil, Envivonmental and Architectural Engineering
University of Colorado, Boulder
Campus Box 428, CO 80309, U.S.A.

*pDepartnent of Civil Engineering, Zagreb, Yugoslavia

ABSTRACT

The curtent study examines the degradation ot strength {n cementitious oate-~
tials lcaded Ln cension and shear. Based on experimental observations a strain-
softening sodel {3 developed vhich encompasses poth continuous decohesion due to
distributed elcrodefects as well as the fracture energy release rate concept for
single nacrodefects. Distributed and localized fracture are cosbined in the coapo=
site damsge sodel of an equivalent homogenized continuum of finite dimension. In
une csse the model reduces to Cthe tragitionai strain~softening formulation of
continuous dsasge vechanics. In the other case it furnishes a non-local softening
lav which depends ou the chsracteristic fracture disension as well as the fracture
configuration.

The performance of the composite damage model ts illustrated with esperi-
genc. ]l data of the direct tension and trtiaxtisl compression tests on NX-size
morcter specimens. Post-critical cresponse predictioas flluscrate that the frac-
ture energy release rate should reaaln tavariant if localized tensile cracking is
to be captured. In contradistinction, the shesr-softening law should be a coostant
fracture property if discributed fracture is to be described in the form of
(rictional sliip.

These basic conceote for distcibuted and localized frascture are subsequently
utilized to formulate a comprehensive triaxial fracture gsodel for both tensile
debonding and frictional decohesion (n cementicious solids. These two nechanisas
are described by a non-associstiva Mohr-Couloumd forsulation with tension cut-off
in wnich che tensile strain-soitening is controlled by the critical fracture ener-
gy celease race. The performance of the overall model is verified by experioental
fesults obtained in the direct shear test (n which bnth tensile cracking as wvell
as frictional slip take place interactively similar to contained fracture process-
es {n highly (ndeterminace structures.

1. INTRODUCTION

In the recent past a vigorous debate has been concerned with the postcriti-
¢al or post-peak strength behavior 2f engineering waterials. In particular the
liatted ductility of cementitious oacerials has been of considerible {nterest; ad-
wncates of continuous strain-softeniny models have been In open conflict with the
tracture mechanics proponents on this issue. Clearly, the computational advanta-
A8 of the smeared approach provide the predominant acgument (n favor of the con-
rinuous dazage models 1n wnich progressive decohesion due to 4istributed sicrode-
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fects Ls descrided by an equivalent straln-softeniag Sehavior of a homogenized
continuwa. On che other hand, serfous Juestions arise with regzrd to the validity
of computational predictions {a the case of fracture localization when the struc-
tural lontegrity (s deteruined by the sev.rity of a single macrcdefect. This {ype
of fallure has been traditionally the realm of fracture wechanics {a which the
inicf{ation and propagatioc of a single discontinuity is considered the deternining
factor.

The saln objective of the present investigation s to compare the conflict-
ing strategles and tc recoacile the fundamental differences of strain-softening
and fracture mechanice. To this end, a composite damage formulation will Se deve-
loped which embodies the basic concepts of single and discributed fracturc e-
vents., On one end of the spectrus the couposite damage model enforces a fracture
energy release rate which {s constant in the case of a highly localized dlscrete
discontinuity. On the other end of the spectrum it reduces to the continucus dam-
age theoty for distriduted Eractute. The constitutive formulation follows scratn-
woftening plasticity theotles i{n which the non-sssociated flow rule {s recast {ato
a non~-local fracture rule which {ncludes rhe charssteristic fracture dimension of
the fracture process zone. The underlying composite damage parazeters for teuslon
and shear are calidrateqd from post-critical experimental data obtained from the
direcz tension and triaxial compression tests. These two independent sets of ser-
vo-controlled exprrisents are subsequently utilized to study the performance of
the cozputational post-cciztical predictfoas with regard to thelir ability to cap-
ture distriduted microdefects as well as single macrodefects. These two opposing
concepts are implemented within the unified framework of the cooposite damage
theory which decomposes an elementary volume {nto a series of intact elastic zones
and/oc a single damage :one in which orfented tensile cracking and frictional slip
take place In a highly localized nanner. The {wmplicatiocas oa the computational
ptedictions of the post-critical Yehavior are then {lluscrated with fracture
investigations of the direct tenston tast and the triaxial compression test on
cylindrical mortar specicens for which experimental data are availadble for cospar-
lson. The unjjquenesy of the post-critical response predictions s examined wvith
the afd of systematic mesh sensitivity studies of unnotched test specimens which
exhibit pronounced softening behavior both in tension and shear.

The disioint forwats of the coaposite damage model are subsequently integra-
ted into a triaxial strain-softening model of noo-assoctlated plasticity tor com~
bined fracture in tension and shear. The computstional aspects of the strain
driven algorithm are exanined with regard to the finite increaents which are used
in computational iaoplemzatation and analysis. To this end an taplicit dackvard
strategy (s adopted which assures that the underlying non-associated fratture rule
satisfies the constitutive constrainta both at the beginning and at the end of the
finite time interval. Patrticular attention is psid to the combined effect of
softening {n tension and {n shear.

last, the composite dapage model !s applied to scudy the posccritical
response behavior of prismatic mortar specimens in the direct shear test. In this
case contained fracture takes place both in the forw of tensile cracking as well
as frictional slip depending on the ratio oetireen normal and tangential load
levels. 1n this sense the direct shear test exhibits all ingredients of a highly
indeterminate structure in which prngressive propagation »f distributed
oicrodetects leads to an overall degradation of stiffuness and strength betore
coalescence Ilnto a single amscro-defect cakes place which {8 ultimately responsible
for the structural fatlure.

2. DIRECT TENSION TEST

For sioplicity let us first consider the direct tension test {n order to {l-
lustrace the underlying fracture mechanics (ssues and strzin~softening concepts.
Fig. | depicts the baslc expetimeat layout and the response curve for linear-
elastic, perfeccly brittle hehavior. The critical fractuce ererry release rate
Ca follous the enecrgy balance relarion which reduces for prescribed displacement
boundary zonditions to the siaple expression
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where N denctec the total potential energy, gf the ideal strength of a flawless
crystalline macerial and dA the change of crack surface (l]. In the spirit of
the Geiffien concept of brittle fracture (. corresponds ¢o the surface enecgy
density v, while the characteristic crack dimension { defines the trange of the
interatomic bond forces in the order of the lattice spacing for ideally cohesive
and crystalline materials.
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Fig.l Girect tension test of tdeally brittle material

In the case of cementitious materials the question arises 1f the fracture en-
ergy release rate G. i{s a proper daterial property which characterizes the ten-
si{le cracking independently of the particular geometry and boundary conditionrs.

In fact, this {gsue vas raised p-eviously {n the context nf fragmentatinn of rncis
by Paul von Rittinger fan 1867 (2] who stated that the newly created surface area
is directly propotiional to the energy expended during fracture, i.e. G, = cons-
tant. In the recent past, this fundamental fracture mechanics concept was adopted
by Hillerborg et al (3] {n formulating the fictitious crack bsnd model for con-~
crete. This discrete fracture strategy was extended by Bazant et al (4] to formu-
lace the crack bend theory for distributed fracture within 4 process zone of fin-
{te widch, Along similar lines the experimental and computational fracture stud-
tes by Ingraffea and Saouds (5] were based on the equivalent fracture poustulace of
3 critical stress intensity factor to constitute an invariant fracture property.

In view of this fundamental {ssue let us examine whether the fracture
sechanics hypothesis applies to tensile cracking of cesentitious materials and hov
{t can be fncorporated into the strain-softening formulation of an equivalent con-
tinyua. To this end let us consider the actual experimental data of the direct
tens{on test shown in Fig. 2. We recall thsr the cylindrical mortar specimen is
tested in a3 very stiff, servo-controlled MTS-apparatus vhich mafntains scable
displacescnt control {n the post-critical response regime. In fact, no noticeable
change of the geometry occurs during the entire cest except for 3 fine cleavage
crack which becvomes visible only at the residual load level. At this stage the
unnotched sortar specimen separates into two ccmpetent parts, while the crack
opening displacement localizes within the single crack band between thewn.

In the absence of noticeabla geogersric distortions before sepacation of
the specimen into two parts, the elementary uniaxtal {nterpretation of the direct
tension daca leads to the following stiffness and strength properties in terns of
nominal atress and strain mseasures:

af |4
£ » — = 6,895 MPa; g, =
“t
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Fig. 2 Direct tengion of NX-gize specimen

Assuaing that the actual strain localization during tensile cracking can be
replaced by an equivslent ualfora di{stribution of wmicrodefects over the gauge
length L we can extract the strain-soffening sodulus

Es * 0.82 E = 5,653 MPa (3)

which remains constant {n the csse of a bilinear stress-strain tdealization of
the pre-and post-critiral response behavior. C(Clearly if Eq would be a "ptoper”
material property {t should have the same value for each material particle within
the gauge length. Obviously this (s not the case 3since Ey is based on a aomingi
strain measure equal to the overall axial displacement divided by the speciaen
height which contains a single tensile crack. In other words the strain-softening
sodulus F, (s a structural property {nti{mately tied to th2 particular test
configuration and fraccure condition. Therefore, {t cannot be extended right away
to different geometries aand boundary conditions witnout a rational concept benind
this extrapolation., In fact, the equivalent strain-softening model infecs that
distributed cracking takes place in a truly finite volume of szaterial in which
non-local theories for continuous media with microstructure simulate progressive
fraccure (6], {7].

On zhe other hand the displacewment-controlled formation of a single crack
band tn the direct tensfon specimen can be used to detetmine the critical
fracture energy release rate {n tension cc,t' Accotding to Petecsson (8] the
fntegral of nominal normal stress~displacement curve shown {n Fig. ) vields a
first order approximation of the critical fracture energy release rate in tenston
for the particular mortar under consideration

u

r
: - - h 4
Cc,t (/, 9, dul 44 N/o (4)

This value ayrees fairly well with other fracture mechanics data reported for
concrece and nortar (8]. The characteristic fracture dimension (s {n this case
G E
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which 18 definttely several orders of zagnitude beyond the lattice spacing of
crystalline soilds. In fact Ay L3 of the same order of magaitude as the

entire NX-size specimen which gives rise to the question {f the fraciurte energy
release rate is a “proper” (racture property. If we adopt the notion of a
fracture process zone with degrading naterial properties characterized by Fy,
then an elementary series model of the uniaxial tension specimen (9] ylelds the
following velue tor the width d, of the characteristic fracture process zone

E
d
dt -E—'Xt (6)

This result (ndicates that the actual width of the fracture process zone d; zay
be considerably smaller than 1., depending on the ratic between the tangential
material st{ffness in the damage zone and rhe elastic properties of the undacaged
zone. However, it appears that the vidth of the fracture band d, will bde scill
sufficiencly large such chat the validity of the underlying fraczure osechantics
concept nust be questioned.

2.1 Cowposite Damage Model for Tensile Cracking

In order to cocpate the computational response predictions resulting from
the constant strain~softening formulacion as opposed to the constant fracture
energy release rate strategy, we resort to the composite damage =model fllustraced
{n Fig. ) (See also refs. [9-11}).

o
0
[

-
[a)
Iy

294008 . E SRACK Jan0 SLEMENT

. €

O’T /\.___.___
: : LA
DL T

L
T c c.

. -

~ THIHHHTRTH

Jiz. 3 Compesite damage nmedel for tentile crazrinz

In the case of tensile cracking tne elen-ncary veluse Y i3 composed of the
yndanmiged elastic zore Y, and the locallzed crack hand Vv, of widih 4. and
lengin h, {n «which ariented afcrocracxing s confined., 2esorting 2o the %ax123ud
stress ariterfon for crac«ing, the orientition ot tne tensite crack hand is
defined Sy zhe angie 3 bSetween the refarence ax.s and the winoc princlipal seress
Jlrecticn. Flzure 3 depicts a fypical rectangular g«oaectcy ot the eleaentaty
valuce of thicihness ¢
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In chis case 2d, denotes the width of the tensile crack band aud *. the iength
within the elementary volume, where

a b
t cos a or ht sin a 8)

whichever i{s sasller.

For straining up to rupture the energy r2olcase of th~ _,zposite damage
element {s confined to the localized crack bSand because of tull unloading of the
elastic zone. In the simple case of linear degradation of the tensile strength

9ge the censtle cnergy release of the composite element follows from
2 2
cE 1% %
AU: *2 Ed vt * E: dt hc ¢ (9

The critical fracture energy release rate for opening the crack band with the
surface tA. = hec results in

AU:: ot ot £
cC.t - AAt - -E—d' dt - 'E—' lt wherte A - 'E—d‘ dt (10}

The energy dissipation characteristics of the equivalent continuum element {n
which the crack band ts distributed uniformly are defined by

2 2
J [+]
gLt £
A . 2 (S * Y v (11

S

From the equivalence of the cnergy release during cracking AUSE' AUEO the

softening modulus &4 ia tension depends on the fracture energy release rate
Ge,¢ of the alternative characceriscic fraccure dizension iy as well as the
crack geometry
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This expression clearly demonstrates that the strain-softening aodulus €5 of the
equivalent concinuum element depends also on the geometry of the elcmentary volumse
and thus exhibits a pronounced size effect. In other words, Eq varies with the
mesh size of the particular finite element layout if the fracture enerzy release
rate G, . and the respective charactertstic fracture dimension i, constitute
{nvarifant fracture properties, As a result the fracture mechanics concept leads
to a non-lccal format of the equivalent softening relation which {s fundamentally
Alfferent from the local coanstitutive formats of strain-softening plasticity and
continuous damage mechanics ([2,113]).

defore ve turn to the comput:ational study let us consider the matertial
fdentificaction of the composite damage wodel. Coatrary to previous proposals of
Bazant et a1l (4] the equivslent softening modulus in EqQ. 12 1is completely defined
by two paraweters, the {nitial tenslle strength gf and the {racture energy
release rate C. . or the alternative fracture dimension 1p. In this case
there (s no need to speculate on the width of the blynt crick band d, or the
@atecial benavior £4 1n the iocalized damage zone, In fact the equivalent
strain~softening expression recduces to the following relationsnip 1n the case of
the direct tenston zest of Section 2.1.

El - :7-3—~‘ where L\ = N,i2 n and h = a for a=0 (1
] cA 4 L
t
'T-l
-]

Recall that bl denotes the nelght nf the elementary volume and Jeflnes the stize
transverse ta the crack band, Cleacrivy the 2aximum size of the aesh layout 15 re-

—b=
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stricted to bii 2 ig = U.2% a2 wnlch results 1in pectectls brittle sottening of

the ecquivalent rontiruum elemert with £ + @, ‘2 the other hand 1 decrease ot
aernh si1ze would lead %2 3 corresponding lucrease of ductiiity. [a tfact sirtaally
tdealiv plustic deravior with £, = €160 {5 osbtalned 1€ the helght of the
eleaentary voluae ceduces to bl = 2.4 .

M1 the other hand Je nay ask outsclves undet what caeditlion the consiant
strata=vottening approach and the con-tant fracture energy telease rate concept
cotacidr. in the ca3ze ot 2ur particular tension test thys corresponds to the
Guestion far wh.t stze nf St do we tecover the softentng moaduius (n ©q. 3.

hi
e 082 e e (14)
& Y

So

The charactertistic Jdizenston of the fracture process zone iy » 0.12 o and the
helght bé e i).108 = of the elesentary volume will reproduce exactly the constant
softeninld v0duluys. we recall that bl = 0.108 corresponds to the height of the
actual test specizmen 1n Tiz. 2. This briags us Yack £o the {ntital interpretazton
oL the rost-oritl-al response data in temms of the sominal sorzentns =ode! 1nd the
alternazive fracture ener,y fordu.ation for the localf{zed cracx zaad. Wnile the
constant straisn-softening approach {5 stricely valid only foc ~he oarticular zest
contizurattion undet constderacion, the constant fracture #nerfLy rv;€ase rata
concept provides 3 raclonal melnodology tor translating this resulr to other ceat
conflgurations <ith 4 3ingie crack band.

1.2 Post-Critical Pesponse Computarions of Nirect Tersion lest

Muriag the discusstion of the direct tenston rest dara 't was ouserved chat
boarn the <:nilauous strasa-softening approach as well as the discrete racture
apptoach raised sarious Iuestions «With repard 2o thelr valldiczv. fa rne first
Case it was doudeful 1§ tre stratn-=soitening of a continuua wouli he hie o
captare o stagle macrodetect. [n the secnnd case Lt was questisnable {f a ¢ or-
stant !facture eaervy rceiedse cate Jouid de apprlicanle to specimen <1rrs ot the
oeder 5f the charact ¢istic fractur~ Jdizension.

5t this reason let us (nvestivate ~he post-critical response wvredictinns of

Tl using the cowrnete danave acde) preseate anove. o Chis
»nd e cyiindrica. 4K speciaen 1n Fim., & ts (Jralized with

three ditfervnt =esnes -:f dlquadratic elements. The tntlelal axi. i load-
displacezent relation corresponds to the bi]irear !‘deallzation of tne untaxial
teasion test, wheropv the specisen {s loaded under disp'azcmenc c¢oratroal with
radlai restraints 4t the ioading placens.

flgure 4 deptcts the computational response predictica o the case of
constant fracture energy release rate {n Censton {.e. G. , - & !li/m, The
feterence seiution agrees fately closedy with the results of *.e squar. & x ¥ acsh
as veil as the rectangulat 2 x 4 and 3 x 2 1dealizations in «afch the softentny,
20duivs 1s AJjusted according 1o Eg. 11 in order to enfsrce 1 constant tracture
eneryy teivise rate. The CHnsLanI Iracture energy release rate formalation
captures *he sirain !scaltzation in <he single crack bzad talsl weli. Figures 5
and » clewrly 1Mlustrate the averal: sotinon and the redistridac.on of strains and
stresses <ithin “he fonslie test specinen Juring the format: 0! zhe single

, the Compdacienn be lween the resyirs 1€ ceak streagth und the

LACTogtegt. L 4
solution 1t iow rtestdyal srrendci: deaonstrates che ronsecuences of strain
itocalieatiin «atcen inlrlates at the right top carnar of the (enaicn speciven
Necaune of the otress concenttation jue o radial restratat ac the laading platen.
tocontrast the amadutdational post-critical predlctions foc the <iase ot
constant anttenlayg =adulus Y. o= 0,87 X exhibit che alaosc pettently brittle
fesPongs 2neam a FLZ. 7. This excessive deccease of ductilizy 1s a4 dioect
=esn ceflaemeat whicn tatroaduces aultiple sracciagz 17¢o the
simple oxpression ta b 1)

soasegneace of L
flealtratien (nstead -t o1 single macrocrack,
Y Aeseaasing tre sesh Nelght, L.e., st o0 L4 A,

la

demgrntrates cleaclv €
Lrpiles aa equasatent tecrease st A, and the conragats» fracturs eaersy Col-sasse
tate . . ot Yo s o rezala gonstant.  As a4 result the enerzv Jiasination
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capacity of the spectaen diatnishes %o the limiting coaditlon of elastlc periectly
beittic respontie behavior L€ the heigit ot the specizen s subdivided tnto a
relined esn. in fact, this conclusion Ls fatrly obvious L€ we trecall that the
tatetay softealng iiope £y = J.82 © was calibrated by the elementary

{lealizattion ot the f1vect tension tost {n terss of noswtnal steess and seraln,
wheredbvy the axtal <striin was based on the rauve lenwth of the enti{re spectmen
hetizhr contatatng 3 stngle tenstile crack. Conasequently, Lt {s tilusory to captute
the actual localicatlon of the teasile crack band with the constant strafin-
sollening mnodei.
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1. TRIAXIAL CCMPRESSION TEST

while the fracture aechanics concepts have been wideiv accepted for censtle
2acro~zraceing, there s considerable debate with regard to shear fracture »f
concrete and yeomaterials. In fact, most jJeutechnical fallure compucations are
based on the traditional notion of hardening/softenting piasziclity theorles
fle,19;, wnile pro=tnenc applied mechaniclans advocate fracture sechanics nodels
for :he dJevelrpaent ot shear hands in gecophysical applications (16,17,18}).

{a cezentitioss materials such as concrete the sltuatton i3 aggravated by
the het2rogenevus 2omposltion of the Tesostructule whleh leads, for exuzmple, 2o

plitstnn tensile farlure under uniaxial compreasion. Moreover, the traditi{snal

shedf cests normally rosult in a tensile cracking wode ot fiacture 1t brittle
zaterials are constldersd,  In fact a frictional slip nmode of failure can onlv be
ohserved under sutflclently high contining stresses. Far this (~.%03, the
conventianal triaxial conpression test s wxamlned beloaw, {n whl~h 3 constanc
1 wtrews La applled flrst before the spectnen {s fatled ander axfal

coet s
leovgiog,

Ylgure 4 tllustritey che WX-sizr specimen and 1 tvptcal respanse cucve wnlich
w45 ahiained in the servo=conteolard triaxial loes cell deveioped at the Miveral-
tv oot Covaraia, ®aulder far post-critical crsponse studles [9). The following
Saterial patimelers were oxtvicted from A sertes ot triaxtal <ompression teses at
dittorens contintay pressures
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Stiffness: G = 2,873 MPa
.20

<
[}

(15)

Stcength: e 2.868 MPa
0o = 4l.3°

For simplicity let us agsume that the degradation of strength 1s primartily a
result of decohesion wht'le the i1nternal €riction remains constant. Therefore, at
the residuyal strengeh iovel the cohesion reduces to zeto, G = 0, and the angle
of tnternal friction recains t¢s Linitial value, 4 * 41.3°,

ARIAL STRESS  (2WPs)

~pn
o

1

-

!

kS

L*T

‘2 n
9
7
£
3
$.n O, * 069 nPs
nn " e
n.n n.s 1.0 1.5 1.0 1.5

ARTAL DISPLACENINT { »» )

-y

(2. %9 Triaxial compression test of %X-size specimen

If we replace the localization of the shear band by an equivalent uniform
distribution of microderects over the gauge length, then we can {nterpret the
soitening branch {a terms of the shear softening modulus

Gy = 0.05 G = 143.6 MPa (16)

Ay 1 result the pre- and post-critical response behavior 13 {Jeallzed by a
bilinedr stress-<train relation followed by pertectly plastic behavior at the
residual strengeh levei, Again rthe definftion of the strain-softening amodulus
Cg is a scructural property which {s tntimately tied to the particular test and
frartute configuratian, Therefore, {t !s questionable 1f and how thls parameter
can be applicd to di:ferent georetrics and boundary conditions.

tn the Hther hand, the displacement controlled development of a single shear
band {n the “riaxi1ai compression specimen can be utilized to calibrate the
critizal frosture ecnergy releaswe rate 1n shear., According to Palaer and Rice [19)
the {nteZral under the noslnal snear strees-tangential displaccement curve yields a
flrst nrder approximation of the critical shear fracture eneryy release rate (ar
the »articular asrctic under consideration, let ua 3csume Chat A homogeneous
5tresys state prevalls sithin the specinmen up to the formation of 3 single shear
biud which 15 inclited 1ccntding o the “anr-Coulomb slip condition 1 the angle 9
= 9/2 * 2% 41th the mgjor axis of principal stress. Fuctherzore, f we neyinct
the cffrct »f olastic sbear defarvationa within rhe two portions of the sprcizen
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aeparated by the shear bend shown i{n Fig. 8, then the critical shear fractucre
energy telease rate can be evaluated by the elezentaty expression

® Ur - Ye (ar-az) 3in20 - ‘
Cc.s - £ 7 du = { 3 m- duz 2.‘52 N/m a7
Q

This extremely large value (s a direct result of the tenfold increagse of strength
and ductility ir compressisn versus tension. The magnitude agrees with firsc
ordetr approximacion of Ge,s when calibrated from alternative test daca of the
direct shear test. The conjugate value for the characteristic fractute dimension

. is defined by the analogous expression for tensile cracking in Eq. §
(:C s c
A= ""_";z = 1,465 (18)

hd (tf-rr

Lf we adopt again the notion of a fracture process zone Jith degtaded matertal
properties G4 then the width of the shear band is actually

o 0 -, (19)
s G s
However, we sti{ll face a fracture process zone which (s extreoely large and of
the same size as the specimen height. Therefore, {n the case of frictional slip
tt {s highly questionable {f the fracture @echanics of a single shear band
governs the post-critical response behavior.

‘b 3.2 Composite Damage Model for Frictional Slip

For the sake of a unified approach tcwacds shear softening, let us resort to
the composite dadage mcdel 1llustraced in Fig. 9, see algn cefs. (9-11].
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The elesentary volume V Ls again cowposed of the undamaged elastic zone V, and
the locallzed shear band V, of width d4 and length hgy Ln which ortented slip
L{s confined. Resorting to the Mohr-Coulomb condition of frictional slip, the
ocientation of the frictional shear band is defined by the angle & = 3/2 ¢ x/4
vith the major axis of principal stress. Elementary geometry yields for cthe
rectangular contiguracion of the elementary volume

VeV +vV vhere V eabec and V »2d he (20)
e s s ss

In this case 2dy denotes the width and hy the length of the shear band within
the elevcentacy vclume, where

a8 b
s cos @ or hs ° sin @ (21

whichever ts smallesr.

For stroining up to tupture the energy release of the composite =lement s
confined %o the locallzed shear band., In the simple case of linear degradattion
of the cohesion the shear energy release of the composite elvment foliows from

(v, -t )2 (r,-t )2
P it St AV S AR (22)
s .Cd 8 Cd 3 8

The critical fracture ernergy release rate f{or advancing the shear band by the
surface 3Ag » hg ¢ ts then

. CF . 32 e 32
. uU‘ . (w! 7() 4 (Yf Tr)

G T
C,s AAs Cd s G

The cnecrgy dissipation characteristics in the equivalent continuum elesent
are defined by

.I:\

A where A - d (23)
s s s

(r -1 )?
af? ot L.l eZ)
s 3 G G
s
Fron the cquivilence AU:E- Au:q the softening modulus Gy t1a shear depends on

the fracture enefyy relcase rate Cc.s or -he characteristic fracture dimension
lq and the crack geometry according to

c - ! - ¢ (2%)
s o] h 1 22 h
—__t.s_ 5 . $3 _
- 2
('( rr) ab G ab

This expression clearly demonstrates that the shear softening modulus Gg of the
vnquivalent continuum element depends o2n zhe geometry of the elementary volume and
thus 2xhibits a3 pronounced size effect. In other words, G5 depends on the
particular finfte element mesh layout {f the fracture encrgy release rate G. o
and the respective characteristic fracture dinension ig constitute invariant
fracture propectlics, A3 a result, the wnderlying fracture sechinics concept
lrads 20 a non-lncal format of the equivalent softentng reiation which (s
fundamentally different from the local constitutive theories of strain-sottening
plasti{city and continyous damage mechanics.

We ~onclude that the composite damaye dodels for tension and shear have
esgenttally the same structure. In both cases the fracture cnergy release concept
results in a2 non-local format af the equivalent softening continuud.

Before turninz to the comrputatf{onal study let us consider again cthe
particular ysprcts ot the triaxial compression test examired previously {n Section
ol In this case the shear softening modulus expression of Eq. (5 reduces to

t L.~ uhere A, 1.4k and 0 = h9.nS?




Recall that alsln 8 denotes the size of the elementary volume transverse to the
shear band. Clearly fot reasonable vaiues of bl with regard t> the NX-size
specisoen we ohtaln increasingly ductile behavior, t.e. Gg « 9 as b* » 0. In

fact, for a single element {dealization of the entlire specimen with b = 0.108 n we
find that Gg * J.017 G which {s somewhat smaller than the fnitial interpretation
of the post-critial cespunse data in tertms of the nozinal shear sotten{ng modulus,
Cq ® 9.05 G. However, froam this siaple result {t should be apparaent that a
convergence study with successive zesh retinement will result {n increasingly
ductile tresponse predictions {f i, remains {nvartfant. Altetnatively, ve should
ask ourselves what would happen {f the constant fractute encrgy telease concept
vere to be applied to the solution of different boundary value problems in view of
the large value nf Aq = 1.465 m. Clearly {f sufficlently large Jeometries woulgs
be considered, the opposite effect would take place. 1In fact for increasiag bl
values {ncreasingly brittle post-peak predictions would result, whereby the
marigum 2esh size {or d* {s restricted by the condition

22
s

—_ (n
wl cosy

(R4
—

For 14 = 1.3465 3 this conditton results in che lizfting value tar ht < 7,106 a
and the respentive restrictioan for al ¢ 3,216 m for pertectly hrittle
cond.tions, L.e. G » «. In other words a cunstant fracture cnerny rfelease
analysis ot large-scale geotechnical problenss would resuit i{n a mesh size
restriction {n the nrder of meters.

3.2 Post-Critical Response Computatisas of Triaxial Coapression Test

In view of the dtifferent incerpretation of the experizental data in Che
post-critical reyine, let us examine the coaputationai response predictions tor
the compression test using the composite dama~e model above. The upper half of
the cylindrical NX specicen is {dealized with three different nmesh layouts ot
biquadratic =lements. The axial load-displacerment relation corresponds to the
billnear tdealization of the triaxial compression test, wherudy the specinen is
inaded under axial Jisplacenent control with radial restraints at the loading
platens and radial confinement o« 0.69 4Pa.

Filgure |3 fllustcutes the computational response predictlions for the case
whete the softening modulus rematns {nvariant, f.e. G5 = 0.05 G. “The numerical
results {ndicate that the post-critical response is virtually tadependent of the
part:cular mesh-9ize and underestimates the ductility of the ideallzed test data
fa Fiy. A, This conclusion colncides with previous abservations [i0,11] for
dtstributed shear fracture which can be suamari-~d by stating that the constant
sottening farmuistion vtelds post-critical response predictions wnhich are quite
consistent and independent of wesh sfze. The constant softening modulus
torzulation captures iraciure in the ¢{orm of a shear cone and radlal splicting
“ithin the coopression speciaen., Figures 1l and 12 clearly {llustrite the nverall
aotion and *he strain localization 1long the cone, whereby zthe axis'mmetric
ideallzattion {aposes soze restriction on the fatlure mode. rAdowever, the
coapsr1son neteeen the cesults at peak strength and the solution at the residual
streagth levei clearlv dennastrates the formation of the compressive shedr cone at
the loading platen and the subsequent radial splitting at sid-height.

In -onilradlsziaction the bSasic fracture mechanics postulace nf an {nvarlant
wnergy feleasn rate leads to the results depicted in Fig. 13, The excessive duct-
{lity during the formatina of the shear band leads to a post-critical response
predictl n which exhivts very little sottening., The reason foc the fncreiscd
ductility has deen 'iicussed {n the context of Fq. 24, In fact, the large value
of the characteriscic fcacture dimension ig = 1.+h5 2 sizply indicates that
there L8 no tocaitzation of a single shear band possible In the NX-size test spec-
19en With o hetgsit ot 9.0u8 =, [n othet words the entice specimen coastitut:s the
fcarcuce racess 2one wiitch Ls nobiliced tn the onnriy exchange during shear {ail-
ure, \3 1 roasalt che -a1stant sottening 3dodulus formulat{on inr untforaly Jlsecar-
buted dtceadetects 1, L This case @ofe appropriate.

“e conclude taat feitctional silp rvpe tracture zakes pliace In cement{iiouus
2Ae 0115 10 3 tac sore Jdlsteibuted fashion than tensile ¢racxing. In frt, a
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single shear band develops unly under sufficlently confined conditions when
premature cracklng (8 suppressed by cnaprcessive streds states. Thererore the
fracture aechanics hvpothesis of 1 constant fracture energy release rate in shear
is not of {mmedlate concern for traditional structures but ie of paramount
interest i1n geotechnical and geophysical applicactions.

4., DIRECT SHEAR TEST

In the final example let us examine the post-critical behavior of the direct
shear test specizen (n which both tensile cracking and frictional slip take place
simulcaneously. In this case distributed fracture (s contained by the two steel
box compartaents, whose zotlioas are monitored by two servo-controlled actuators
in che stiff shear test frame buflt at the lniversity of Colorado, 3oulder [20].
In this sense the direct shear test specimen constitutes a ainiaturc structure {a
which coatained fracture propagates in a manner that 1s siaflar t> the failure
behavior in confined structures of high indeterminacy. The normal pressure is -
applied to a prescribed load level and held constaat during the subsequent
tangential loading ~onitored under displacement control i{n nrder to capture the
full post-criticai response branch down to the residual load level. ODependiig vn
the ratio of normal to tangential load level the full range of predominantly
tensile cracking to highly confined frictional slip {s mobilized within the "shear
test” spscimen,

From the diffetent test results reported in Ref. {10} we consider the pris-
macic 0.206 x 0.i02 x 0.117 o moctar specloen tested at the noromal pressure g,
= 1.379 MPa. The test specizen is bonded =n the steel box compart=ents with the
aid of an epoxy coopound {n otder tc ensure tull contact on the tensile sidewalls
of the shear box. Because of the plinar mode of fractute a two-dizenstonal plane
strain {dealization (s used to aodel the speciaen and contiguous shear box., The
finite elexment zesh layosut {ncludes the actual test specizen as well as the upper
and lower shear box coopartaents in order to easure that the tangential displace-
ment control lies {n the prevalent shear plare at mid-heizht of the specioen,

The tdealizattion of the direct shear test is shown in Fig. l& for the ) x 6 aesh
of the specimen. Altogether 683 degrees o freedom wecre used to interconnect 73
biquadratic tsoparanetric elements which {nclude thz tdealization of the stcel box
ana the loading ftrame tn order to avold overturning effects due to eccentric
tangential lvading, see also ref. [21].

The coapnsite damage zodel for tensile cracking and fricttional slip are
conbined focr descriding constant softening or alternati{vely constant fracturve
enersly release {n zension and shear. The actual properties of the mortar
speciden were calibraced before in the context of the direct tension and trtaxfal
coopressicn tests. Therefore the direct shear test constitutes an entirely inde~
pendent example of different size which will assert the previous findings on dis-
tributed ané localtzed fracture in tension and shear. The =lastic response {3
detined as before by E » 6,895 MPa and v = 0.20. The initfal fracture condition
{s governed by the mudified Mohr-Coulomb condition C, = 2.87 MPa and p, = 41.3°
auyoented by the tension cut off g_ = 1,59 MPa. The post-critical “ehavior
{3 In one case described Sy the constant softening ouvdel where Ey « .82 E and
Gg = 0.05 GC and Ltn the other case by the constant fracture enccly release ractes
Ge,t ® %% N/m and G, 4 = 2,452 N/a. In addition, a third post-criztcal
strategy 1s pursued in which the fracture =nergv release rate In tension {s keot
constant, .oy = 4L /3.Jhile the shear softenting modulus remalns tnvartane,

Gg * 1.U% 5. for frictional slip a non-associated flow rule {s used throughout
in ocder to capture the splitting tension aode of fracture during shearing with a
flow potential tn the form of the saximum stress criterion. In the case of
tensile cracking this flow rule reduces to the traditional issociated flow tule
used to monttur zhe Zrowth of tensile cracking strains.

Figures 15 depicts the overall ioad-deforaation behavior in terms nf the nomt-
nal shear stress (n the prevalent shear plane versus the relative tangential Jdis-
piJcement hetween the upper and lower shear dox compartments. The chree zoaputi-
tional predirtions avhiblt zonsideradble varfattion as coopared 2n the experimntal
tesulis. The constant shecar softeainy odulus approach shows the best afresnment
with ragacrd 25 5Sach strenyth and averall ducctility, while the congtane fracture
encexy forsulatinn Indicactes far ton ductile behavior. Clearly, (n view of the
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Fig. 15 Direct shear test - numerical predictions for var:ous
softening strategies

confined fracture propagation within the shear specimen one could argue that s
single slip band only develops in the final stage at the residual strength level.
In addit10n, this localized shear band involves extensive tensile cracking in a
direction which differs substantlally froa the prevalenc shear plane. Thetefore,
one could conclude that contained fracture is bevond the realm of fracture
sechanics of single mscrodefects. However, in engineering spplications this final
@ode of fracture in cementitious matcrials 1is alvays accompanied by extensive
zones of distributed damage in which the constant softening sodel prevatls.

Figure 16 11lustrates the shearing motion in teraos of the total displacement
vectors for load steps corresponding to the peak and post-critical regizes.
Observe the localization into a wide shear band vhich is accompanied by
constderable vercical dilscation due to tensile splitting. The total strain
distributicn {s depicted {n Fig. 17 at the save loading steps. The plots
epphasize the localization of shear strains In the prevalent shest plane whiie
the upper and lower portions of the specioen unload progressiveiy. The
assoclaced stress redistribution during progressive fracturing s shown {n Fig.
18 with plots of principsl stresses at the two load steps. Recall that the 3inor
principal stress ts initially aligned with the vert{cal pressure o, * 1.379
MPa. 1t rotates upon continuous shearing by almost 80° in order to accomsddate
the ccopressive strut sction between the coopressive side-valls of the shear box.
The initisl cracking is confined to the tensile corners of the specimen and
evhibits little influei:ce on the overall response behavior. The splitting rension
that is parallel to the compressive st-uts, leads ultioately to & single shear
bend at mid-height {n the form of an S-shaped fracture sucface.

The results clearly confirm ** - e direct shear test is definitely not a
sicple material tes: when ceamentliic.s saterials are considered. la fact, the
contatnes -ode of trscture cesulte in 8 conplex comdination ot censi.e Cracwlng
end frictional slip which 1s highly distributed before final localization of 3
mecrodefect taxes place.

-17-




DISPLACENENT VECTORS

T T T T 1 T O O I I O O
Ve e e e e R Y R A A A Y A A |
r e e e e e e st 1722770000
p—---.o’////.r v 7 S S S S S S S S
e = P e e I e S s o (et e,
S I _

Fiz. 16

totion of the direct shear te¢st specimen

PRINCIPAL STRESSES

vz .
L A P O 4 gl
P e o A P P P e
PP AP APl PR A
)://////// AR AT s e
X e - A e = s
L L <

i

fig. 17 Stress redistribution within direct shear test specimen

PRINCIPAL STRAINS

qgtlc——ifjr
. . . P I Y . A
|
. . e v A A T R

Fig. 19 <Strain redistribution within direcet shear fest

soecimen




5. CONCLUDING REMARKS

The principal tesult of the proposed compesite damage model 13 a unified
approach towards localized and distributed fractuyre In the form of tensile .’
ctacking and frictional slip. In the case of localized frascture the composite
dagage model provides a non-local softening lav of the equivalent continuum which
depends on the characteristic fracture dimension as well as the geocetric
contiguration of the fracture band within the elementary volume of Einite
dimension. In fact, the composite damasge model recovers in this cagse the constant
fracture energy release concept without resorting to the fracture mechanics of
discrete macrodefects. On the other end of the spectrum the composite damage
model degenerates to the continuous damage theory of distributed fracture when the
volume fraction of localized damage approaches unity. 1In this case the softening
modulus Eg of the equivalent continuua constitutes a local material property
wvhich holds pointwise and is i{ndependent of the particular fracture configuration,

The coecposite damage oodel was applied to the post-critical response behavior
of the direct tension and triaxial compression tests on cylindrical mortac
specimens for which test data were available for comparison. while the constant
fracture energy release concept captured the localization of a single crack band
in tension, the constant softening model reproduced distribucted fracture in shear.

In the final example of the direct shear test both tenslle cracking as well
as frictional slip nodes of contained fracture were mobil{zed, similar to the
fatlyre behavior in highly confined structures, In this case the combination of
the constant fractufe telease concept for tensi{le cracking and the constant
softening formulation for snear siip furnished the best agreement with the
experinental post=critical response behavior.

Clearly, the prtevious exposition was based on gross simplication in nrder zo
atrive at elemencary algebraic relatfons wnich clearly exhibit the fundamental
differences of discriduced and highly localized fracture. In reality fracture is
an evolutionary process In which the localized dazmage zone increcases gradually and
where the critical fracture energy release rate varies in accordance with the
experinental -legradation of strength in the post-critical response regine. In
1ddition {relastic 4issipation mechanisms take place which are mohilized
particularly {n shear. As such the composite damage nmodei above 1s a flrst order
approximation which captures the linmiting conditions of the local stze-independent
softening rtelat{on 4as well as the non-local fracture energy release rate conceptC.
For the continuous transition from disctributed to localized fracture an
evolutionary damage process should provide an immediate solution to comhine these
twvo extreme cases.
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EXPERIMENTAL AND CONSTITUTIVE ASPECTS OF CONCRETE FAILURE

By Kaspar Willam!, M.ASCE, Brvan Hurlbut?, and Stein Sture?, M.ASCE

ABSTRACT

The fallure analyses of concrete structures are plagued (i) by the con-

stitutive difficulties in describing the transition from brittie to duc-
tile fracture of concrete under increasing confinement, and (i1) by the

nunerical intricacies related to structural response predictions of con-
tained material instabilities due to strain-scftening and/or due to lack
of normality in conjunction with non-associated plastic flow concepts.

This paper presents novel experimental observations of post-critical

response phenomena when cylindrical conrcrete specimens are loaded under
displacement control in the fornm of direct tension and triaxial

compression experiments. The investigation focuses un the problem

whether or not “"proper” material properties can be extracted from such

experiments which characterize not only stiffnes< and strength behavior

but also the ductility in the post—peak responre regime. 1In this .
context a fracture energy based strain-softeni g plasticity formulation '
will be developed in terms of the fundamental !lode I type cracking which

accounts for the transition from brittle to “uctile fracture under

increasing triaxial confinement.

INTRODUCTION

The failure behavior of cementitious materials such 48 mortar and
concrete can be broadly classified into (1) tensile cleavage in the form
of Mode 1 type cracking, and (11) decohesive faulting in the form of
Mode II type frictional slip. The tensile fracture mode typically leads
to a sudden discontinuity at peak strength and a very brittle agpearance
of the load~deformation response when the direct tension experiment is
considered. Recent experiments on notched concrete specimens by
Reinhardt [15], Gopalaratnam and Shah [6] as well as the direct tension
experiments by Hurlbut [9] on unnotched specimens all indicate that
little hardening precedes the onset of cleavage failure which results in
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the s2paration of the test specimen into two competent parts. In
contrast, shear fracture exhibits far more ductile behavior, whereby
hardening in the pre-peak regime is followed by a gradual softening
regime during the process of progressive decohesion down Lo the residual
strength level which is characterized by granular friction only. The
triaxial compression experiments on concrete by van Mler {13) and
Hurlbut (9] illustrate clearly the increase of ductility with increasing
confining pressure. 1In fact the splitting tension mode of failure in
uniaxjal compression transforms gradually into a faulting mode of
failure with increasing confinement and ultimately diffuses into
distributed damage throughout the entire specimen. As a result under
sufficiently high confinement there is a third response regime which
does not exhibit any softening whatsoever and which i{s governed by
compactive hardening due to pore collapse and related inelastic
processes of the composite microstructure of concrete.

Since the failure of plain and reinforced concrete structures depends to
a large extent on the ductility and thus the governing post-peak
responge characteristics of the concrete the main cthrust of this
investigation is directed towards the softeaing behavior. We will focus
on recent experimental evidence obtained at the University of Colorado
within a series of displacement controlled post-critical experiments cn
low strength concrete specimens featuring shear dilatancy, hardening as
well as softening in tension and shear. There have been various
attempts to correlate these global phenomena to different processes in
the nmicrostructure such as debonding between the cement matrix and the
aggregate, progressive microcracking within the cement matri{x and
ultimately fracture of the aggregate. Quite noteworthy is the recent
work by Ortiz [14] who used the mixture theory of interacting continua
to model these evolutionary processes within each phase of the
composite. This development 18 closely related to the continuous damage
formulation of Mazars [12) who expressed Mode I type cracking and Mode
II type shear fracture {n terms of maximum tensile strain conditions.

In the following we will concentrate on the fundamental issues of
strain-softening, the transition from brittle to ductile fracture, and
the decrecase of shear 4i{latancy with increasing confinement. Special
attention will be paid to the extraction of fracture ;roperties from the
post-critical response regime which are {ndependent of a particular test
geometry and the given set of boundary conditions. This task {s compli~
cated by the fact that the post-~critical response behavior {8 accompan-
ied by severe strain localization and actual discontinuities within the
test specimen. For this purposz we will expand the composite fracture
formulation which has previously been developed by rthe auttors {19} in
order to {ncorporate the fracture energy release rate concept within the
strain-gsoftening formulation of an equivalent elastic plastic continuum,

POST~PEAK EXPERIMENTS

In conjunction with a substantial research effort on finite elements and
localized failure {n cementitious materfals two series of experiments
were recently completed which i{nvolved stable post-critical loading of
cylindrical concrete specimens 1n direct tension and triaxial compres-
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sior, (NX size samples with D = 2.125 in. (54 om) diameter and H = 4.25
in. (108 mm) height). The concrete mix was based on a water-cement
ratio of W/C =~ 0.833, a mix grading of C:5:G = 1:3.16:3.19 and a maximum
aggregate slze of 3/8 in. (9.5 mm) which in turn gave a uniaxial
compressive strength of €', = 3.2 ksi (22.1 MPa) at 28 days. The
concrete was cast into 1 x 3 x 3 ft. (0.3 x 1.0 x 1.0 m) slabs which
were kept in a fog room until testing except for the period for prepar-
ation of the specimens. The cylindrical concrete samples were cored
from the slab and milled with a diamond grinding whe=l to the prescribed
height with a tolerance of AH = #0,02 in. (#0.5 mm). The exposed voids
at the cylindrical surface of each specimen were filled with putty in
order to prevent intrusion of the elastomeric membrane into the concrete
voids in the case of high confining pressures.

Two series of post-peak experiments were carried out with the aid of a
MTS loading system consisting of a standard 110 kip (489 kN) loading
frame with servo control and function generator units. These were
comprised of a series of direct tension and a series of triaxial
compression experiments which will be described below.

Direct Tension Experiment

In order to clarify our understanding of the tensile fracture mechanisms
the following objectives were pursued with the aid of direct tension
experinents:
(1) Uniqueness of the load~displacement response in the
post~peak regime,
(11) Progressive damage and stiffness degradation during loading
and unloading cycles, and
(111) Size effects related to different height specimens.

A special technique was developed by Hurlbut (9] to stabilize the
post~critical response behavior of the cylindrical tension specimens.
The basic difficulty of maintaining stable post-peak control was
resolved by incorporating two axial Linear Virtual Disgplacement
Transducers (LVDT) which were attached to the loading platen as
1llustrated in Fig. 1. 1In contrast to the recent tension tests by
Reinhardt (15] and Shah [6] unnotched specimens were utilized in order
to avoid any bias towards fracture mechanics by introducing a well
defined macrofect in the sample to gtart with, Therefore the actual
location of tensile cracking was undetermined and the stroke of the
loading actuator had to be controlled by the two axial LVDT's in order
to monitor the post-peak response behavior, In return a premature
fracture mechanics incerpretation of the tensile cracking process was
avoided and the question of a volume versus surface dominated failure
process could be explored.

Tt 13 {mportant to keep {n mind that the tensile test specimen was
placed into the loadinyg frame 12 hrg before actual testing. The
cylindrical sample was attached to the gpecially prepared solid loading
platens by means of a thin layer of a high strength structural epoxy
cur+d durirg the 12-hir. period under a slight compressive load of P, =
~-100 1bs (-445N). Clearly the epoxy layer provided some lateral
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restraint and was therefore responsible for a non-uniform strese state
near the end section. In fact, the stress concentration at the corner
of the specimen-platen interface led in some cases to premature bond
failure or delamination.

Fig. 2 depicts the axial load-extension response of a typical direct
tension experiment conducted at a displacement rate of .67 x 10-8
in/sec. (4.26 x 10~% m/sec). We observe a nearly linear ascending
branch up to the peak load. At this point the axial tension suddenly
decreased without noticeable formation of a crack. Upon close
inspection a single transverse hairline crack appeared around the
periphery of the sample at an overall axial displacement of 1.5 x 10~3
in. (0.04 mm) when the residual tensile strength diminished to near zera
load level. At that time the specimen had separated into two competent
parts which remained entirely intact. Upon continuous loading the
increasing displacements reflected simply further crack opening

accompanied by rigid body movement of the two separated portions of the
specimen.

Considering the reproducibility of the post—critical response branch
under monotonic loading the question arises {f the residual tensile
strength can be recovered during loading-unloading cycles and i{f the
associated stiffness {s affected by the degrading strength,
Loading-unloading experiments were performed in order to explore the
residual tensile strength and the associated tangent stiffness. Fig. 3
depicts the resulting load-displacement response when the stroke 1is
reversed to zero displacement and subsequently increased again. The
plot 1llustrates clearly that tensile bonds still remain intact in the
softening branch and that the residual tensile strength is fully
recovered during reloading. 1In fact the post-peak load-displacement
response curve approaches that of the monotonic experiment very much
along the line of strain-softening elastic-plastic behavior with
substantial permanent deformations. We observe a slight decrease of
elastic stiffness in the first cycle and a substantial reduction when
the tensile crack has fully developed very much along the results on
notched tension specimens reported recently by Reinhardt [15]. There s
some elastic-inelastic coupling, however, 1t {8 not nearly so pronounced
as to fully support the progressive fracturing theory of Dougill (5] or
the continuous damage theory of Mazars {12], Janson and Hult (10],
Krajinovic and Fonseka (11] which resort to secant formulations and thus
fully reversible deformations upon unloading.

In order to probe the fracture mechaniss hypothesis of a single
macrodefect an additional monotonic tension test was carried out with a
specimen of half the height and the same cross-section. In the case of
a constant fracture energy release rate the area under the P-u diagram
(actually the nominal axial stress-extension plot) should remain
constant, assuming that the tensile strength is not affected by the two
different volunes and thelr different probability of faflure. On the
other hand {f the concept of a continuous distribution of microdefects
were to he adopted along the line of the smeared cracking approach, then
the arcea under the P-u diagram, 1.e., the strain energy dissipation
during the transverse crack process should be reduced by half. Fig. 4
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illustrates the results of the half-size specimen test. The plot
clearly indicates that the area under the P-u diagram is hardly affected
by halving the height of the tension specimen. Therefore the results
support the postulate of a constant fracture energy which ultimately
controls the localization of distributed microdefects into a single
macrodefect.

Triaxial Compression Experiments

In order to clarify our understanding of shear fracture the following
objectives were pursued with the aid of axisymmetric triaxial
compression experiments:
{({) Transition from brittle to ductile fracture at various
levels of confinement,
(11) Shear dilatancy during progressive shear fracture, and
(111) Stiffness degradation during loading - unloading cycles.

Conventional triaxial compression experiments were conducted in a

Hoek cell device (8] which had been modified at the University of
Colorado, Boulder, in order to measure axial and lateral deformations of
eylindrical NX-size specimens. The Hoek cell which i3 illustrated in
Fig. 5 has a capacity of up to g = 10 ksi (68.9 MPa) confining
pressure. It is instrumented for measuring lateral deformations at the
mid-height with the aid of six strain gaged cantilevers spaced at 60°
{ntervals around the circumference. The cell pressure 1s provided by
hydraulic fluid and is transmitted to the specimen by a flexible
polyurethane membrane of 0.05 in. (1.3 mm) thickness. The confining
pressure has no component in the axial direction of the cylindrical
specimen., The axial load was applied with the same 110 kip (489 kN) MTS
loading system with servo control and function generator units capable
of stabilizing the post-critical softening branch.
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All the triaxial cowmpression tests were conducted by pressurizing first
the cell to the prescribed confining pressure wnich was held constant
while the axial load was applied under stroke control at a displacement
rate of 1.67 x 107" in/sec (4.24 x 10~° m/sec).

Fig. 6 depicts the axial load-displacement behavior at four different
confining levels ¢_ = 100, 500, 1000 and 2000 psi (0.69, 3.45, 6.89
and 13.79 MPa). Aéain experimental results are plotted in the form of
global load-displacement results rather than in the form of stress and
strain measures since localization of fracture takes place in the
softening regime which requires a proper homogenization concept. The
four plots clearly demonstrate the increase of ductility with increasing
confinement which suppresses the softening tendencies. The partial
unloading cycles indicate very little hysteretic energy dissipation.
The linear elastic unloading-reloading behavior hardly exhibits any
degradation cf stiffness. This suggests that the elastic-plastic
coupling remains negligible and conjectures little damage accumulation
of the elastic material texture not only in the pre- but also in the
post-peak regime. The resulting failure modes showed a distinct
transition from splitting tension under low confinement, over shear
faulting under intermediate confinement, to diffuse damage at high
confinement when no softening was observed altogether.

The dilatation characteristics are shown in Fig. 7 in the form of
lateral versus axial displacement response curves. Again the lateral
expansion diminishes rapidly with increasing confinement pressure. This
indicates that volumetric dilatation accompanies strain-softening and
that the transition from brittle to ductile fracture {s related to the
transition from volume dilation to volume compaction.

If the axial and radial displacements in Fig. 7 were converted into nom-
inal strains their ratio would remain fairly constant in the softening
regime and would decrease rapidly with increasing confinement. It was

therefore felt that the inelastic dilatancy ratio a = Er/éz could

provide a proper fracture characteristics which would, however, depend
on the confining stress. The post~peak response at low confinement {3
accompanied by large inelastic volume dilation which decreases rapidly
under increasing confining stress and results in inelastic compaction
rather than dilation.

The triaxial strength results are summarized in Fig. 8 with a plot of
the test data in the Rendulic plane where the data are shown on the
compressive meridian. The diagram depicts the maximum strength envelope
in conjunction with the residual strength data. The residual strength
diminishes to zero at zero confinement and approaches rapidly the
maxlmum strength envelope with increasing confinement at the transition
point from brittle to ductile fracture when softening 13 suppressed
altogether. Since the entire test program was focused on the scftening
behavior under low confinement no attempt was made to extract the
hardening hehavior which had been explored in a separate research
effort by Stankowski and Gerstle [17].
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Up to now the test results were intentionally described in terms of
overall load-displacement diagrams because of the strain localization
during progreasive fracturing in the softening regime. Therefore, we
have to ask ourselves whether or not useful information can be extracted
from the softening data which 18 nct only generic to the particular test

¢ specimen but which can also be used in the analysis of actual
structures. In order to clarify the underlying issues let us consider
the "simpie” configuration of the direct tension experiment. 1In this
case the elementary study of an axial tension specimen yields some
surprising results with far-reaching conclusions.

v Consider a uniaxial tension specimen of height H and cross-section A
with the uniaxial tensile strength gr, The incremental stiffness
relation follows the elementary axial force-deformatioun relation

E .

EI u, (1)
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where E1 denotes the tangent modulus, g, the nominil stress rate and
Gz the axial rate of exteasion. If we assume a simple bilinear
material law with Eq = E for hardening and E7 = -E for softening,
uniform degradation of strength withouvt localization will result in the
bilinear response depicted in the left plot of Fig. 9 for monotonically

increasing extension. Moreover, the total strain energy dissipation for
tensile fracture {s

£ TAH (2)

which is thus proportiornal to the neight H of the uniaxial tensicn
specimen. This implies that in the limit the encrgy dissipation would
diminish to zevro as the height of the specimen were reduced to zero, a
fact which has been rightly criticized by Bazant et al. at several
occasions [1,2,3]. On the other hand, 1f we would adopt the notion of a
constant fracture energy release rate for the formation of a single
crack, then the energy expended for generating a crack of unit area is

I de
Gf:l__.-
da

Q
mler e

H (3

which should remain constant irrespective of the size of the specimen.
This could be simply accomplished by adjusting the softening slope
according to the size of the softening zone, i.e. Ep = -E/3 for half
the specimen height, in order to maintain a constant fracture energy
release rate as indicated in the right plot of Fig. 9.

In order to probe this notion of constant versus variable fracture
energies involved, let us compare the two direct tension experiments
1llustrated in Figs. 2 and 4. Converting the axial load into nominal
axial stress, the area under the g ~uf diagram can be readily

evaluated, and ylelds the following average values for the full and the
half size NX- specimens:

I
Gf = 0,322 1bf/in = 56 N/m for H = 4,25 1n0 = 108 mm
1
(4)
1
Gf = 0.354 1bf/in = 62 N/m for H=2.125 in = 54 mm
/2

The fracture energy release rate slightly increases rather than
decreases with decredasing specimer height. Therefore, the direct
tension experiments fully gupport -he fracture energy release rate
concept. This 1g not surprising since the specimen ultimately fails in

" the form of a single localized macrodefect and not in the form of

" continuous debonding of microdefects which are uniformly distributed
& over the entire length of the specimen.
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In the following discussion we will adopt this rationale to develop a
strain-gsoftening plasticity model which accounts for the localization of
fracture and which monitors constant fracture energy release rates in
tension and shear. Conceptually, this approach corresponds to the
modification of the softening modulus according to the geometry very
auch along the line of the elementary example above.

Fracture Based Strain-Softening Model for Tension

The composite fracture formulation is in essence an atlfempt to
incorporate constant fracture energy release rate in the

strain-softening formulation of an equivalent elastic-plastic
continuum,

For simplicity let us ~onsider the elementary volume V = abt which is
subjected to the tensile state of stress depicted in Fig. 10. The
maximum 3tress criterion results in tne localized crack band A, =

bt which is oriented normal to the d.rectio.. of major principal

stress “n”". Incipient cracking is controlled by the initially isotropic
fracture condition

F(o,k) = 0y = 0 = 0 where o, = o) with g >d>0; (5)
and oy = ap(k)

For the first active crack the normal tensile stress coincides with the
major principal stress o, = o). The tensile strength o describes

the degradation of bond stresses across the crack band as a function of
Lhz tensile crack opening ug in analogy to the fictitious crack band
nodel of Hillerborg, Modeer and Peterson [7].

Restricting our atter.tion to Mode 1 type cracking the fracture potential
Q(o) colncides with the fracture condition F(e¢,k) along the line of an
associated flow rule and degenerates {n the case of primary crack
initiation to the unit vector in three space. The associated fracture
rrle

- A
Q 1
a0,

¢ =in uherena.@. = _B_Q__

0 302
8 0
o) |

defines 'ire~ticn and magnitude of the tensile strain-sofcening response
in accordance to the flow rule of traditional plasticity theory.

In view of the strain-space setting of the computational algorithm, the
consistency condition

=0 (6)
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leads ro the tensile fracture parameter ),

t .
where i a0 Ec¢ for n"Et > 0 Progressive Cracking
E¢ + nt En
(8)

and A=0 for ntEE‘s 0 Elastic Behavior

where the additive decomposition of strain rate €= Ee + if has been

inferred and where € denntes the elastic material law in three space.
Let us now consider the hardening or rather the softening modulus Eg
which provides the key to incorporate the fracture energy concept within
the framework of strain~ softening plasticity. Formally, the softening
modulus E¢ in Eq. 8 is defined by

30, 3k t
Eg= (o— —) o (9)
ok 3tf

In order to control the fracture energy release rate via the strain~
softening modulus E¢ we will pursue the following approach: Consider

the invariance of the softening branch for different specimen heights in
the op-ug space and the inherent definition of fracture energy in

terns of

otduf (10)

(2}
4
[
O— £

Then it 1s only natural to monitor softening directly in terms of the
fracture modulus Ej which denotes the slope of ogy=ug in Figure 10,
The mapping between the crack opening displacement dug and the
equivalent tensile fracture strain dk = deg leads to the following
definition of the fracture energy based strain~softening modulus

aot du_ Je_ ¢t t 1/2

R f f oﬂoo - 2. w2
hf 3;; 3:; 3:;] n where ef <¢f cf>+ /ch>f+<52>§+<e3>f (11)

In Eq. 1l the MacCauley brackets extract the tensile components of the

fracture strain rate éf. This provides the key for the homogenization
of the localized crack discontinuity over the elementary volume of size
V = abt. 1In fact, {f we denote by h, the height of the elementary
volume normal to the crack band A = b,t, then the projection along
the normal vector “m” yields the geometric “gage length” h for the
evaluation of the softening modulus for cracking in direction "1”

aot auf acf t

E. =E, h where E, = —— ; h_ = ; n =\ (12)
£ d 't d  aug t def (3tf)
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As a consequence of this definition of the strain-softening modulus E¢
the resulting tangential material law

Enn'E (13)

Eg+ n'€ n

will depend on the mesh size through the geometry of the elementary
volume similar to non-local continuum theories.

o= ETt where ET = [F -

The composite fracture theory is based on the equivalence of the
fracture energy in the crackband A, in the composite element with that
of the equivalent continuus element V. This energy equivalence was
previously utilized by the authors {19] in order to express the surface
dominated fracture process in terms of an equivalent volume dominated
failure phenomenon

[ odugdA = [ o'de.av (14)
At \Y
where the individual terms are defined in Fig. 10. Assuming linear
softening to simplify the algebra the tensile energy release for the
formation of a single crack band aA. within the composite element 1is

simply

2 2
g dg g
At - gl s -l tpe where E, = —° = - 1z (15)
t £ 5t 3 Eg © d  gu 2 1
f Gf

The energy release characteristic of the equivalent continuum elenment is
defined by the energy dissipated during softening up to rupture

2 2
o do
AUEQ = -l- —t— V= lL abt where E, = = (16)
t 2 E 2 E, £ de,

From the equivalence of the energy release during the formation of the
crack band, AU AUSQ, the governing strain-softening modulus E¢

in the homogenized continuum can be expressed in terms of the fracture
modulus E4 or the equivalent fracture energy reicase rate Gf

02
Ef ’Ed-v_- - -—t -!-— (17)
A zcg A

In the case of uniaxial tension in the axial direction the geometric
properties of the crack band are readily expressed in terms of those of
the clementary volume, {.e. Ay = b,t and hy = a, thus

\Y
Ef = Ed ht where ht - ;r- (18)
t

We observe that this expression is identical with the definitfon of the
struin-softening modulus Ef developed previously in fq. 12. This




result clearly demonstrates that strain-softening in the equivalent
continuum element depends on the geometry of the elementary volume and
thus exhibits a pronounced size effect. In other words, the fracture
modulus Ef has to be adjusted to the mesh size of the particular

finite element idealization if the fracture energy release rate G
should remsain constant. As a result the fracture mechanics concept
leads to a non-local format of the governing softening properties which
1s fundamentally different from the local (geometry independent) format
of strain-softening plasticity and progressive fracture theories.

In conclusion let us consider the particular concrete rested in the
direct tension experiment. For linear softening the fracture modulus 1s
readily evaluated from the nominal uniaxial tensile strength o, = 400
psi (2.76 MPa) and the fracture energy release rate for Mode I type

cracking, C} = 0.322 1b/in. (56 N/um).

do o?
L b om - 248.45 KPP o 67,44 N (19)
dug ZG; in? mn

The characteristic crack length which defines the rangze of debonding
within an elastic perfectly brittle comparison solid is in this case

I
G. E
f = 5.63 1in = 143 om where E = 2800 ksi = 19305 MPa. (20)

2

at

Since the characteristic length 18 larger than the specimen height,
linear elastic fracture mechanics does hardly apply. Along the .ame
vein, previous suggestions by Bazant e- al (1] of three times the

aggregate size for the width of the cracl band are also open to
question.

The numerical stability of strain-softening computations imposes
definite restrictions on the localization of fracture within a given
finite element mesh which were recently discussed by the authors [20]).
We recall that the softening formulation {nfers unstable material
behavior with a corresponding energy release. As long as these material
instabilities are localized and contained within the overall structure,
stabllity {n the large can be monitored by displacement control since
the structural stiffness remains positive definite. On the other hind,
since stabi!lity i{n the small is violated by the loss of pos‘:ive
definiteness of the tangent material law ET in Eg. 13, we can exanine
the limiting condition whe~ €y + -«, which corresponds to perfectly
brittle behavior. 1In the case of tentile gsoftening thi. takes place
when the denominator in the fracture correcticy of the elastic mater.al
stiffness vanishes, i.e, when the following condition holds

Ef¢ntEn-0 (21)

17
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Let us consider for definiteness the case of plane strain and the

normality vector n in Eq. 6. Then the limiting condition for the
softening modulus reduces to

1-v
“-E_<{E —m— - m— where E_ = E, h (22)
f - (1+v)(1-2V) £ d 't

In other words the mesh size "h"” must be such that the following
constitutive constraint is satisfied
-h < E 1=y

- E; (1+v)(1-2v)

(23)

For the concrete properties above and v = 0.2 this constraint results in
the maximum height of the elementary volume

2800 0.8
T 248.45 1.2 * 0.6

for which stable post-critical strain control may be maintained. We
observe that this mesh size constraint is quite restrictive if large
scale magssive concrete structures such as dams or pressure vessels are
considered. 1t {8 a direct consequence of the fracture energy basis of
the equivalent strain-softening model which increases the ductility with
decreasing mesh size and, vice versa, increases the brittleness with
increasing mesh sizes.

= 12,52 in = 318.06 mm (24)

Strain-Softening Regime and Transition of Brittle-Ductile Failure

In the following let us probe whether the concept of a composite
fracture model for Mode I type tensile cracking could be extended to
the Mode 11 type shear fracture i{n order to capture the pronounced
softening response in low confined compression. 1In the previous
approach Day [4) and the authors [19] utilized the Mohr-Coulomb
condition as point of departure augmented by an independent tension
cut-off. In that case tensile debonding was controlled by the

fracture energy release rate Cf for Mode 1 type cracking similar to

the strain~-softening formulation for crack bands delineated above.
On the other hand, decohesion due to frictional slip was monitored by

the fracture energy release rate G}I for Mode 11 type fracture governing
the formation of shear bands. Because of the tenfold increase of

uniaxial compressive versus tensile strength, the value of G;I was

approximately 50 times larger than Gé when faulting along a single

shear plane was considered along the line of the Mohr-Coulomb failure
hypothesis. At this stage it was noted that mixed mode shear fracture
i{s actually initiated by tensile splitting and the formation of a single
shear bund i{s thus the result of coalescing crack feathers along an
inclined s8lip plane. Theretore, the pastulate of an independent
faulting mechanism is really the consequence of the iimited resolution
of current tools to trace each individual tensile crack preceding the
formation of a single shear band.
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Since tensile cracking and shear faulting are clearly interrelated
we resort here to a contiruous failure condition which comprises both
tensile as well as shear fracture within a single criterion according to
Hoek and Brown [8]. This empirical criterion was originally developed
to characterize the triaxial strength of rock specimens which were
failed in the conventional triaxial compression experiment. The threeé
pararceter failure model neglects the influence of the intermediate
principal stress and can be viewed as a combination of the Mohr-Coulomb
criterion with the tension cut-off condition very much along the line of
the parabolic failure envelope originally proposed in 1933 by Leon for
concrete [l6].

1/2
2
F(o, k) = 0y = 03 = (col -~ mo_0)) =0 (25)

0. denotes the uniaxial compressive strength and m and ¢ define the
frictional and cohesive strength material parameters to be calibrated
from the uniaxial tension experiment and a third condition when
"cohesive” damage is considered with c<{l. Neglecting hardening behavior
before the peak strength is reached the uniaxial compression experiment
ylelds with ¢, = 0 and ¢ = 1

1/2 .
- 03 = (¢ 0?) where g = f_ = 3,2 ksl = 22,06 MPa (26)
[ c o4

Thus under uniaxial compression g3 = -~3.2 ksi as long as intact cohesive
pehavior prevails with ¢ = |. The uniaxial tension experiment on the
other hand leads to calibration of m via solution of the quadratic
equation Eq. 25 with gy = o, and 03 = O

cog - Otz []
n= - where 0, = ft = 0,4 ksl = 2,76 MPa (27)
%

This condition yields m = 7.9 for the frictional strength parameter at
peak strength. Fig. 11 {llustrates the fit of the failure eavelope with
the experimental strength values in terms of the Mohr diagram depicting
the normalized shear strength varsus effective normal stress,

Tn~9n-

Let us now examine whether the triaxial strength envelope could be used
to describe softening behavior in tension and shear, whereby both the
uniaxial tensile strength and the uniaxial compressive strength diminish
to zero in the post-peak regime. Fig. 12 delimits the strain-softening
regime in terms of the maximum strength and the residual strength
envelopes which coalesce at the transition point P of brittle-ductile
fatlure, The direction of inelastic fracture strain rates has been
superimposed on a separate diagram in order to i{llustrate normality and
feasible formats of the corresponding plastic potential.

[f we rewrite the failure condition Eq. 25 then stratn-hardening/
softening can be accommodated by the variation of the two parameters m
and c.

16
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1/2
F(g,k) = v =~ (¢ ~mo) = 0 where 1 = |°1'°3|/°é and o = 01/0c (28)

Py with o, = 7.9 and c, = l

We recognize that m = m(k) describes the variation of the frictional and
¢ = c(k) that of the cohesive resistance. A possible interpretation
considered previously in (4] assumes that softening is a purely
decohesive mechanism where c(k) + 0. This corresponds to a vertical
shift of the fallure surface to pass ultimately through the origin.

o This would however imply that the triaxial strength under high
confinement would also degrade while Fig. 6 clearly demonstrates that
the opposite is true. In fact Fig. 8 illustrates that there ig a clear
transition from brittle to ductile fracture between -0.5 € o £ -1.0
kst (=3.45 to -6.89 MPa) confining stress beyond wnich continuous
plastic flow and increasing hardening tendencies prevail. Therefore,

® decohesion should be accompanied by simultaneous frictional hardening as
proposed by Vermeer and de Borst [18] such that the two mechanisms
compensate each other at the brittle-ductile transition point P.

It has been noted previously by Mazars {12] and others that
fracture 1s really induced by tensile strain rather than stress. Thus
the location of the transition point P should roughly correspond to a
vanishing elastic tensile st.ain in the radial direction if the
cylindrical specimen is considered

]

-

e 1
€ -E(a" - v(o_ + az)) (29)

r 8

This yields the following condition for e: = 0 and o = Og

v
9. - o, and g3 =8 o0, for v= 0,111 (30)

#‘ The tensite strain condition plots in Fig. 12 as a straight line through
the origin, For a Poisson's ratio of v = 0.2 the tensile strain cut-off
corresponding to 93 = 4g; does hardly intersect the maximum strength
envelope. However, the value v = 0.11]1 corresponds to the waximum
strain criterion with gy=-o,+80, where the ratio of the uniaxial

& compressive to uniaxial tensile strength o./0,=8 coincides with the
biaxial Griffith criterion, see e.g. [16]. In this case the zero

" tensile strain condition in Eq. 30 does intersect the maximum strength
envelope very near the experimental transition point P for brittle and
ductile fracture which separates softening from hardening response
regimes. Therefore we could regard the tensile c¢ap beyond the residual

[ strength envelope as a transient strength regime which ultimately
collapses to the residual strength level upon continuous tensile
straining., In fact the trace of the residual strength envelope is
captured fairly well by the following modification of Eq. 28 for purely
frictional resistance

1/2
® Er(e,k) -7 - (-mro) = 0 where mr-11.96 and crao (31

oAl aAm . e Ao oami A AAM Hhad'a nAl. . Aamaaadahada 2 a2




Prom the directions of the inelastic strain rates in Fig. 12 we observe |
that the trace of the maximum strength envelope furnishes an acceptable X
format for the ‘nelastic potential Q(o) to be used as fracture rule for '
strain-softening under mixed mode fracture processes.

Fracture Based Strain-Softening Model for Mixed Mode Fracture i
|
1

Considering the strain softening formulation for Mode I type fracture in ;
the previous section,let us examine the pertinent generalization to i
mixed mode fracture along the line of the combined softening model for ;
tension and shear.

Starting from :che maximum strength condition Eq. 28 we recognize that ~
decohesion i{s accompanied by frictional hardening. During failure the
fracture rule defines the direction and magnitude of inelastic fracture
strains in the homogenized continuum.

. =i an  where n=232 (32)
f £ Y

From Fig. 12 we recognize that the direction of inelastic strain rate is
fairly well defined by normality to raximum strength envelope.
Therefore, the fracture potential i{s in this case described by Eq. 28
withm = my and ¢ = ¢,

1/2
Qle) = 1 - (¢ - m o) a0 where m = 7.9 (33)
o o o

and co = ]

The gradient of the fracture potential defines the direction and thus
the inelastic dilatation in principal stress space
C ] I 1
3Q | ™

/2

1 + — :
30) 2 (c*—moo)

S I N 0

(34)

3 90, Oc

2 -1
L303- i i

Similar to the Mohr-Coulomb condition there is no inelastic component in
the direction of intermediate principal stress. We also note that the
fracture component in the minor direction does not depend on the
frictional resistance m because the normal stress o in Eq. 28 i{s defined
only in terms of the major principal stress og; and not in termg of the
average value of tne major and minor normal stress used in the
Mohr-Coulomb condition. For computational reasons the fictitious
cohesion c*-12+moo has been introduced in order to accommodate




"elastic” trial stress states beyond the failure condition which are
restricted to major principal stress values o, < COOé/mo.

The fracture parameter if determines the magnitude of inelastic
straining during mixed mode fracture. With the aid of the consistency

condition F = 0 the fracture parameter if reads in the case of a
non-assoclated flow rule where F # Q

. mE ¢ t .
A, = formE ¢ > O
£ t
Ef +m En
(35)
fe = 0 for m"Ec < 0

In this case the vectors m and n denote the gradients of the current
loading surface F(g,k) and the fracture potential Q(g), the latter of
which was previously developed in terms of principal stresses. In
analogy to Eq. 34 we find with ¢* = 12 + mg

r ~
aF ] 1 +.l m ]
30, 2 (c"*-—mo)l/2
owefa |BF 1L 0 (36)
e 90, 9.
3F -1
003J

The principal 1ssue of the non-associated softening formulation
revolves around the proper definition of E¢. Formally we obtain from

the consistency condition F = 0 the following expression for the
instantaneous strain-softening modulus

t
E, = - (35.3E 32 here k = k(ef) (37)
ok atf 30

We recall that decohesion is accompanied by frictional hardening
both of which are mobilized by tensile straining during compressive
splitting in the brittle failure regime. Therefore it is natural to

adopt again the definition of equivalent tensile fracture strain ¢
in Eq. 1] which playad the role of the kinematic damage metric of Ere
homcgenized continuun subjected to tensile cracking.

. . e o 1/2 . 2 . 2 . 2
dk = dec. where €. = Cep €> 77 = e o+ Cep Dp 4 ey (38)

We note that the MacCauley brackets only extract the positive, i.e. the
tensile fracture strain rates from the inelastic strain rate tensor

Cfo
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In case of compressive splitting the chain rule of differentiation
leads to the following definition of the strain-softening modulus in
ternms of the tensile fracture behavior

oF 3¢ 30 3du 3g, t N
E = - t f ( f)

¢ —_—
ac aot auf aef 3tf

(39)

20

Recollecting that tensile splitting in compression as well as shear
faulting i{s preceded by distributed microcracking and that the actual
crack surface 1s in this case a multiple of that in the direct tension
experiment, we resort to the fundamental definition of Mode 1 type
cracking. For the current concrete this fracture property is
characterized by Cz = 0,322 1bf/in. (56 N/m) which corresponds to the

area under the tensile softening law in Fig. 13.
The individual terms in Eq. 39 are defined as follows
aF -1

- 72 with dm = <4.06 dc (40)
ac 2(c - mo)

The {nterdependence batween the cohesive strength parameter and the
tensile strength results in our case to

3¢ 22.5  where o, = 0.4 ksi = 2.76 HPa (41)

aot

The relationship between the degrading tensiie strength g, and the
crack opening displacement ug¢ was previously characterized by the
fracture modulus of the uniaxial tension experiment, see Fig. 10.

do, dZG;
E, = — = (42)
d du, dug

An exponential fit of the normalized test data is shown Iin Fig. 13 which
leads to the following decaying softening function

5 .
E; = -0, (T) e r (43)
r

where ¢, denotes the uniaxial tensile strength and u, the crack
opening displacement at rupture when the interfacial bond stresses have
diminisned to zero (in our case up = 0.002 in. = 0,05 mm, from Fig. 2).

Tt remains to relate the crack opening displacement ug to the
tensile fracture strain ef of the equivalent continuum. In Fig. 7 we
have scen that the lateral extersion i{s over ten times larger than the
axial extension i{n the direct tension experiment shown in Fig. 2. This




ro
(W,

should be of no surprise since the splitting compression mode of failure
is far more distributed which is in turn responsible for the eight to
tenfold increase of the unfaxial compressive over the tensile strength
values.

A fracture energy argument similar to that developed for tensile

cracking leads the following relationship between the crack opening

digsplacement and the equivalent tensile fracture strain in compression
du v

___g_x._:h (l“‘)

de, A ¢
where the volume fraction A./V represents the microcrack density in
compression., We observe that Eq. 44 plays the fundamental role of the
geometric “gage length” and has the simple physical interpretation of
the crack spacing h. in the case of splitting cownression., From the
global observations it may be evaluated approximately in terms of the

ratio between the fracture energy release rate in tension Gf and that
in shear Gél. Thereby it is understood that the second quantity by

itself {s already the result of homogenizing distributed tensile cracks
into a single shear band with the surface area Ag which has the same
order of magnitude as the crack surface in direction tension, i1.e. A,

= Ag. From the equivalence of fracture energy

GI M = GII
[od

£ bA (45)

f t

we can find the unknown fracture surface under splitting compression
from

G: I
AA = . AMA (46)
[} 1 t
G¢

II
This yields in the case of the uniaxial compression test with G =

27.2 1bf/in (4763 N/m) the following measure of longitudinal crack
spacing

I
\Y Gf v
Ac Gf At

which should be compared with the characteristic length g = 5.63 in.

(143 mm) in the case of Mode I type cracking. The ratio GI /G
represents the magnification of tensile crack surface when compared with
that of direct tension test. This ratio increases with Iincreasing
confining pressure in order to simulate the diffuse damage mechanism
around and beyond the brittle-ductile transition point. Using the
experimental data described earlier, a first order approximation yjelds
the following expression for the fracture energy ratio as a function of
the minor principal stress oy
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G
L oai0-8 [ (48)
G} fc

This ratio reduces to one in the case of triaxial tension when {og3_ =
0. It increases rapidly with increasing confinement o3 < O and reduces
the strain-softening modulus to Ef¢ » 0 as h, + 0 which corresponds

to perfectly plastic behavior when g3 < O.

In conclusion let us summarize the tangential material law for
frictional hardening and non-associated decohesion

[4
g = ET ¢ where ET a g - Eam E_ (49)
Ef+ mtm n
t
Y d¢ N
and E. = 2.5 E. — ___{_ —_—
£ 1/2 d
2(¢ - mo) Ac acf o0

The strain-softening formulation above 1s based on the fracture

energy release vate G. and the concomitant exponential decay

function for Ey using energy equivalence concapts to homogenize the
underlying failure phenomena. Fig. 14 {llustrates the performance of
the fracture energy based strain-softening plasticity model when the
post-peak response of the uniaxial compression test is considered. In
this case only the exponential softening law for tensile cracking in
Fig. 13 was utilized, in order to predict the softening response under
compression.

CONCLUDING REMARKS

A strain-softening elastic-plastic formulation has been presented
for the description of rhie fracture mechanisms in concrete which range
from brittle Mode I type cracking in tension to ductile mixed mode
fracture in compression. The composite fracture theory is based on the
fracture energy content of the homogenized continuum which is subjected
to equivalent strain softening mechanisms in tension and shear.

We conclude that the combined mechanism of cohesive softening and
frictional hardening covers the entire fallure spectrum of concrete
which 1{s monitored solely by the fracture modulug Ey of the underlying
Mode 1 type cracking. We note that an overall constitutive formulation
for triaxial concrete behavior should i{nclude a hardening cap 1in
compression in addition to the tensile strain-softening mechanism for
brittle failure in tension and shear.
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STABILITY AND UNIQUENESS OF STRAIN-SOFTENING COMPUTATIONS
K.J. WILLAM, E, PRAMONO AND S, STURE

Department of Civil, Environmental and
Atchitectural Engineering
University of Colorado at Boulder, USA

Summar

The paper addresses computational issues of strain-softening calculations
in solids. The main focus {s directed towards the numerical simulation of
the localization of softening within structural components with simultan-
eous unloading of the elastic neighborhood. The spatial aspect of the
localizat{on process requires special provisions of the incremental/
fterative solution strategy in order to survive on one hand local material
instahilities 2nd capture on the other hand bifurcation of the solution
path within load increments which are truly finite. The performance of
several solution algorithms will be assessed with two simple model
problems which f{llustrate the strong interaction between the numerical
integration of strain-softening constitutive relations and the spatial
localization of contained softening within elastic unlnading zones.

Introduction

Strain-softening computations encounter puzzling phenomena during the
numerical simulation of distributed damage and localized fracture which
transcend previous experience with the inelastic analysis of "stable"
materials. In fact these numerical difficulties ate exacerbated by the
loss of “normality” and the dominance of shear dilatancy under mixed mode
fracture which results in predominant straining orthogonal to the loading
direction., On one side the failure analysis of brittle solids and struc-
tures ls very susceptible to the formulation of strain~-softening constitu-
tive relatfons which are equivalent in the sense of strength, stiffness as
well as fracture energy to the actual discontinuous failure process. On
the other side, the numerical i{mplementation of strain-softening models 1is
far from successful 1f accepted and conventional numerical tools for
strain-hardening plasticity are simply extended into the softening

regime. In fact it {s the localization phenomenon which leads to simul-
taneous loading and unloading in adjacent elements which has to be moni-
tored properly, Therefore many numerical algorithms which perform very
well {n the case of weak continuous nonlinearities are notf successful at
all when a hard discontinuity takes place within a contiguous material in
A finite lnad interval which draws the demarcation between the localized
strain-softening regime and the elastically unloading surrounding.
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The intent of this paper is to clarify the computational {ssues of strain-
softening calculations. To this end the composite fracture model for
strain-softening will be reviewed together with local and global unique-
ness conditions for non-assoclated hardening/softening solids in order to
delineate guidelines for successful strain-softening computations.
Subsequently three incremental/fterative solution methods will be
scrutinized with regard to their ability to capture strain localization.
Two simple model problems will be adopted in order to illustrate the
respective performance of initial load and tangential stiffness methods
when applied to strain-softening elastic-plastic computations. In
conclusion the constant arc length method will be examined for stabilizing
the post-critical response calculations beyond the range of direct
displacement control.

Composite Fracture Model for Strain-Softening

Strain~softening or rather the degradation of strength is normally attri-
buted to the change of {nternal microstructure of the material. Two
philosophies have recently emerged for the interpretation of the post-
critical response regimes of stroke-controlled experiments.

(1) The progressive fracture {1} and continuous damage theories (2]
start from the notion of distributed microdefects which coalesce
continuously during progressive failure. The simultaneous decreasa
of strength and stiffness essentially results in a gecant-type
material formulation where no permanent deformations accompany the
failure process during loading-unloading cycles. This concept
corresponds to a parallel arrangement of elastic-perfectly brittle
elements which fail progressively under increased deformation.

(11) The blunt crack approach [3) and the composite fracture model (4] on
the other hand start from the notion of a constant energy release
rate which accompanies the progressive failure process in the form
of a contained crack band. The simultaneous decrease of strength
and the increase in irreversible fracture deformations essentially
result in a tangent-type material formulation where no degradation
of stiffness takes place as long as the elastic recovery proncess
remains uncoupled from the progressive failure process. This
concepl corresponds to a series arrangement of intact elastic and
strain-softening falilure 2ones very much along the line of strain-
goftening plasticity which {s based on the additive decomposition of
deformation rates into elastic and plastic components.

In view of recent post-critical experiments on concrete [5] the composite
fracture model will be adopted which collapses to previous strain-
softeninyg formulations of elastic-plastic solids [6,7]) when the fracture




energy release concept {s abandoned. For simplicity we will focus on
tensile softening, i.e., the composite fracture formulation of an equiva-
lent strain-softening continuum which maintains constant fracture energy
release rate during Mode 1 type cracking. For the extension to general
three-dimensional conditions with Mode Il and mixed mode failure the
reader {s referred to Ref. [5].

in the case of tensile cracking, fracture initiation is defined by the
maximum tensile stress criterion

F(e,q) = o, = O = 0; where o, * 01 and g; > 0, 2 04

and o, = ot(q) )

For infitlally {isotropic conditions the normal tensile stress %0 in an
active crack colncides with the major principal stress, 1.e. 9% "

- The tensile strength o, describes the degradation of bond

stresses in terms of the internal variables q which characterize the
change of the internal microstructure during softening. 1In the case of
single localized macrodefects the fracture energy release rate G; will
provide the missing link between the macroscopic measure of strength and

the internal fracture state. The consistency condition

. aFt. aF. t . L] t.
Fe__ c+-_—q-n€(¢-¢f)+p q=0 (2)
a0 -1¢ ]

leads to the following strain-based loading conditiong for progressive
cracking

| S

for nE¢>0 then ¢, # 0 (3)

4
and & 2 0

Fig. | 1llustrates the progressive degradation of tensile strength g,

when the elastic trial stress rate QT-GE has a positive component in
the direction of the gradient n = 3F/3¢. The constitutive behavior is
characterized by the following evolution laws:

Elastic: g =E(e - Ef)
’ - 3Q
Fracture: €. = A, m whete m = —— (&)
f f ao
Internal State: & =G Ef

When the elastic response behavior is not affected bv the progressive

fracturing process the elasticity tensor remains invarifant, E=const, and
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does not depend on the internal variable g. 1In this simple case the
elastic stiffness and the degradation of strength during the progressive
fracture process are decoupled entirely which is partly supported by the
experimental evidence reported tn Ref. [5].

The evolution of fracture straias € 1s characterized by the fracture
rule if-ifm which defines direction and magnitude of the macrosco—

plc strain-softening response via the gradient of the fracture potential
Q=Q(¢) and the fracture parameter Age In the case of Mode I type
cracking in the directicn of the major principal stress the associated
fracture rule with o = n degenerates to the unit vector in three space

(2 1 [ ]
301
3Q
30,
Q. 0
L 303 | L J

M=n= - 0 (S)

The general setting for the internal state variable q follows the early
proposal by Kroner {8] who introduced the material tensor € in order to
map changes of the wmicrostructure, 1.e. the moments of dislocation pile-
ups in metals onto the macrostructure., In our case of tensile cracking we
will resort to this generalization of the traditional definitions of
stratn/and work hardening in order to incorporate the concept cf a
constant fracture energy release rate.

To this end let us consider the elementary volume V=hbt which is composed
of an intact elastic portion and a contained crack band of the area A=bt
where t denotes the thickness. Fig. 2 1llustrates the composite fracture
element and the equivalent continuum element which dissipate the same
fracture energy when the tensile strength diminishes to zero residuial
level during increased straining. In the post-critical response regime
the tensile softening localizes into a single tensile crack band, the
formation of which requires the following supply of separation energy

1 Yr
Cf - é o, duf (6)

iote that this expression is a first approximation for the extraction of
the critical fracture energy release rate from direct tension experiments,
whereby the {nelastic dissipation mechanisms which accompany the coales-
cence of disgributed microdefecrs {nto a single macrodefect have been

neglected. 1f we adopt the basic postulate of fragmentation theory where
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the surface area generated during fracture {s proportional to the energy
expended (9]

G, = - EE = const. (@]
£ A
then strain-gsoftening may be monitored directly in tecms of the raw
experimental data involving the nominal tensile strength o, and the
overall extension ug. Because of the localized character of the tensile
crack and the elastic unloading process of the remaining region, the over-
all extension ug is really the crack opening displacement in the final

stage of separation.

The question remains how can this relative displacement measure be conver- -
ted into an equivalent strain in order to be amenable to strsla rather

than displacement-softening computations? To achieve this we resort to

the notion of an equivalent continuum element which dissipates the same

amount of fracture energy in the o, space as does the composite

fracture model {n the o, "ug space. An elementary energy consider-

-~

o
EiJ ation leads to the following relationship between the softening modulus
\| Ef and the fracture modulus Ey
v do, dZG}
\g Ef - Ed " = Edh where Ed a ™ = T (8)
“y f £
Q? Clearly in the case of the direct tension test the gage length V/A=h
corresponds to the height of the specimen and thus to the crack spacing
f} which converts the overall extension into a nominal strain, duf =
3$ hdef. Therefore, spatial discretization with a finite element mesh
Vﬁ size of that particular height would yield the correct fracture energy,
; while a finer mesh resolution would yileld far more brittle response
predictions, {f the fracture modulus Ef were not adjusted to facilitate
s the corresponding element height. On the other hand if an elemental
6: philosophy were adopted In which h corresponds to the height or rather the
“a governing element size in the direction of the major principal stress then

we have to ascertain that localized cracking i{s contained to a single
element at a time. In this sense the fictitious crack approach by Hiller-

* P4

e borg et al. [10] and the blunt crack approach by Bazant et al. [3] solve
ﬁ% the spatial problem by following a particular fracrure topelogy similar to
4 the discrete fracture model of Ingraffea and Saouma [l1}. 1In contradic-
&5 tion the current composite fracture model does not involve remeshing but
!! requires a solution strategy for the numerical integration of the strain-

softening relations which captures the strain localization within a siagle

element in order to monitor the proper fracture energy release rate.

S
.

AR

\
a
"c

v
.

0
N

)

.
O

.
n

P

N SRl T e A

s haTe .

PR S R R S T T N S Ny S B A VRS T T
- 0 L.

- C A%k Q o : ! . fl
P VIO VI DRV A VSIS MR A AN/ Y TR ANPGRS Ol IR AP S SR AR AU TAPTAN AT AL /S A IR A el LA AL ATy A 4 A

¥



For the construction of a general fracture-based strain-softening theory
we have to map the crack opening displacement duf and the equivalent
tensile fracture strain dcE into three dimensions. To this end let us
return to the general formulation outlined in Egs. 1-5. Introducing the
evolution laws in Eq. 4 into the coasistency condition in Eq. 2, we obtain
the missing expression for the fracture parameter

. @'E O

A ® v whetre E

Ef + n(E m

. 2 Cc o (9)

If we resort to a strain definition of the internal state variable
dq-d:f with €=l then the netric of tengsile deformation is defined by
the equivalent tensile fracture strain

1/2

. <L . . 2 . 2 . 2
€¢ = < € € > =/ <€ >f + < g )f + < gy )f (10)

which extracts from the straln tensor only the positive tensile compo-
nents. The fracture modulus E¢ in Eq. 9 characterizes the strain-
softening behavior of the equivalent continuum as follows

t 36 3du_ de,
Ef _ oF ,2_2. ( t - £ f) a (ll)
3tf g 3uf ef acf
J90 au
where Lt E and —— = X
Buf Bef A

For unifaxial tension this expression reduces to the relationship in Eq. 8,
{.e. Eg=E4qh, where h defines the characteristic dimension of the
elementary volume in the direction of major tensile straining. Note that
this geometric quantity lends itself to a more fundamental micromechanical
interpretation since h = V/A i{s nothing but the reciprocal value of the
microcrack density, {.e. the crack surface per unit volum. within the
solid.

Combining the evoiution laws for the elastic and inelastic fracture
behavior we arrive at the tangential constitutive relation to be compared
with non-assoctated elastic-strain softening formulations

t
¢ =E;t where £ =€ - EmoE (12)
£ + v Em

The »riacipal difference {s the definition of the strain-softening modulus
£f¢ i1 fa. 1l which monitors directly the fracture energy release rate

via &y
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E_ = E v (aef)t a where E, = i_;i (13)
£ d 4 3(F d dus

On the other hand the fracture-based formulation reproduces the tradition-
al strain-softening models which describe the degradation of strength
directly in strain rather than displacement space.

Untgueness

Let us consider for a moment local and global uniqueness conditions of the
elastic plastic strain-sotftening solution. In the past considerable
discussion has revolved around the well-posedness of strain-softening
computations with repeated reference to Hadamard [12]. The argument
relates to wave propagation in elastic solids whereby the hyperbolic
nature of rhe characteristic equation and the concomitant speed of wave
propazation is limited by the positive definiteness of the tangential
material law, {.e.

xtETx > ¢ 2tx with ¢ > G (14)

The local stability postulate of Drucker ([13] leads to a similar conclu-
sion, since the condition

Ye>o0 (15)

c
is synonymous with the positive definiteness of Ep according to Eq.
(14), Clearly this stringeri requirement leads to severe restrictions of
the materf{al model to positive behavior with unlimited ductility. There-
fore, 1f we intend to capture the degradation of strength by strain-
softening material models we nave to resort to contiguous uniqueness
arguments which are conslderably less restricrive, 1In this context we
recall the original work of Melan {14] who studled uniqueness of strain-
hardening elastic-plastic solutions., The classical approach revolves
around the solution of an auxiliary problem in which we examine the
conditien under which rwo different solutions may exist at the time tpne)
when 2 unique solution exigts at the time t,. For quasistatic condi-
tions the proof of un{cueness of the solution of the initial value problem
results {n the question whether the following relation can vanish for
6,26, and/or €, ¢,

(o, = ©)) (&g - §))dv = § 88" At av =0 (1%)

v v




¢

local uniqueness is therefore assured whenever the governing tangential
material law is positive definite {.e. when

T . . .

xE. ¥>0 where 2= ¢ = (¢; - ) an
In the case of the non-assocliated strain-softening law {n Eq. 12 this
constraint leads to the following limiting inequality examined originally
by Mroz [15]

(xtE m) (ntE ®)

E +0n€Eo > (18)
xt£ b d
This leads in the worst case to the "hard” restriction on the strain-
softening modulus [16] that
ZEf > (mtE m)llz(ntﬁ 0)1/2 -0oEn (19)

Clearly, for associated behavior with m = m we recover the classic srate-
ment of Melan [14] that uniqueness is guaranteed for strain-nardening
behavior with E¢>0.

On the other hand, when the strain rate sarisfies either orthogonality
condition

X Ea=0 (20)

or xt Ea=10

then we recover the far less restrictive uniqueress condition for the
strain-softening modulus Ef

-E <n'Ewm (21)
Therefore in the most fortuftous case of orthogonality between the elastic
stress rate EA¢ and the gradients n,m uniqueness is assured as long as the
softening modulus -E¢ is smaller than n® € m, see also Ref. {7]. In
the case of uniaxial tension this condition implies that the softening
slope must be less than the elastic modulus, {.e.

-~ EgCE (22)

As a reault the choice of softening modulus 1s quite restrictive. Recal-

ling that the fracture based softening formulation introduces with h a
characteristic dimension into the definition of E¢f = E4jh such that the
restriction in Eq. 22 results in a following limitation of the mesh size h




h<h = 23
c

This last expression clearly i1llustrates the interrelationship between the
fracture-based strain-softening formulation and the element size in which
fracture energy is released. 1In fact the ratio between the elastic and
the fracture moduli governs the maximum mesh size h. for which weak
uniqueness 1s ascertained.

In this context Valanis [17] demonstrated very recently that rate depen-
dent constitutive relations for strain-softening viscoelastic and visco-
plastic solids satisfy the local uniqueness conditicn as long as the
elasric component remains positive,

Since the pivotal uniqueness condition in Eq. 16 involves the volume
integral over the entire domain, let us exanine the implication related to
global uniqueness, see also Ref. [6]). To achieve this we subdivide the
domain into a zone V-V¢ in which the positive material operator assures
local uniqueness in the strong sense and into a zaone Vg in which the
non-positive material operator may lead to the loss of uniqueness.

[ ad" aidv+ | 86" sidv a0 (24)
V-\f \'f
Clearly, the concomitant finite element discrectizarion results in the
question, {f the tangent stiifrness remains positive definite, {.e.

et K o > 0  where K =K - K

vith K = [ 8°EB dv (25)
v

t
and K, = [8 E B dv

Ve

In the case of contained strain-softening computations the splitting of
the tangential stiffness operator into a positive elastic component K and
{nto an non-positive contridution K¢ leads to the question: Under which
circumstances will the softening material operator contaminate the overall
stiffness and lead to a loss of positiveness of KT? Clearly, theie {s

no general answer to this protlem, because the topology and boundary
condttions determine the extent of the localized strain-softening region
V¢ for a given lnad history. As a guideline one might speculate that
sharp laocalization of the softening zone will enhance the confinement and

reEEE s ® w s s s EEE——— . - —— -
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will thus retard the loss of posiziveness. Therefore, the numerical
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integration of the differential constitutive relations has to capture the
spatlal localization of strain-softening as well as contiguous elastic
unloading of the neighborhood.

In conclusion let us consider global stability which corresponds to the
local statement in Eq. 15. 1In this case the change of stress leads to the
following exchange of internal and external energy

Lo Sfeavely feavaly otdas el pti ds (26)
2 2 3 8 2 s
V-V \ S S
f f o u
Adsorption Release Pos{tive Positive/Negative

where body forces are neglected and a small displacement gradient theorty
is presumed. The softening in region V§ results in a release of energy
which i{s monitored by the fracture-based softening law 1in Eq. 12. On the
other hand the rate of external work by the prescribed surface tractions
pg 1s always positive, while that of prescribed surface displacements

ug can be positive or negative. This clearly demoristrates the stabiliz-
ing {nfluence of uisplacement control which provides the computational
tool for tracing the post-critical response behavior. On the finite
element level Eq. 26 reduces to the incremental equilibrium relattion

f) £ = Rp + Ru 2n

(K - K
If we transform the non-positive softening stiffness Kf into an equiva-
lent furce contribution on the right hand side we obtain

Ke=R, +R_+R (28)
f P u

where éf denotes the crack driving force defined as

R =Kes= [ BEGZ dv (29)
v

Note that the fracture strain rate if monitors crack extension via the
fracture energy release rate embedded in Eqs. 9 and ll. We recognize that
bf s £ if in expression Fq. 29 corresponds to the crack extension stress
in fracture mechanics which monitors the separation of nndes between con-
tisuous elements when a discrete fracture approach 18 adopted [10,11].

The principal difference between this scheme and the discrete fracture

approach {s that equivalent strain-softening takes place within an element

rather than at the interface between adjacent elements. This fracture
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energy equivalence 1s assured as long as strain-softening is localized {n
a single element and does not spill over into contiguous elements.

godel Problems

In conclusion we examine the stability and uniqueness of the numerical
snlution with the two elementary model problems shown in Fig. 3. The
series arrangement of two axial force members of different cross-section
was selected in order to {nvestigate the performance of three different
ifncremental/iterative solution methods for the numerical integration of
the strain-softening relations. Of particular interest was the question
whether the computational strategies were able to capture the locallzation
of fracture in the weaker element, and {f a unique solution could be
obtaitned independently of the stize of the load increment. Of further
interest was the overall computational efficiency and the limiting condi-
tions for convergence in the light of the theoretfical considerations
delineated {n the previous two sections. Particular care wac exercised to
{mplement the three algorithas in their full generality and not to bias
the solution effort by taking advantage of the simple structural configur-
ation for which hand calculations suffice to determine the reference
solution.

The odd geometry and material parameters were chosen to fit the direcc
tension experiments on cylindrical concrete specimens reported in Ref.
{5]. A linear soften.ng model was adopted to monitor the fracture energy
release rate G = 0.322 1b/in. which was required to separate the

tension specimen {nto two competent parts., For the height h = 2.125 in.
of each bar element the equivalent strain-softening modulus Ef 1s
obtained as follows:

Q
~

Ef = Eh h = 0.530 x 10° psgt (30)

£

1
2

(3]
—

f
with o, = 40C psi

and E = 2,8 x 10% pst

Figure 4 {llustrates the element deformations at three stages under the
prescribed end displacement v >0. The results clearly illustrate that
beyond peak snftening leads to a rapidly increasing extension of the weax
elenent while the stronger elements contract due to elastic unloading.
Therefonre severe strain localization takes place during monotonically
{ncreasing loading of the structure under displacement control which
results in a discontinuous strain distribution along the axis, whereby the
deformation rates in the softening and the elastically unloading element

nave oppusite directions.
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Figure 5 shows the representative behavior of the two bar structure when
the continuation process i{s resolved into six relatively fine {increments.
The {terative refinement within each increment demonstrates rapid conver-
gence of the strain-softening and elastic unloading deformations in the
two elements. The accompanying relaxation of "real” stresses is plotted
when an elastic predictor {s used along the line of the initial load
fterat{on method which dates back to the original work in Refs. [18,19].
The algocithm i{s summarized in the Appendix which corresponds to the
elastic plastic solution strategy developed in Ref. [20]). We observe that
the {nitial elastic predictor step at the beginning of each increment is
iteratively refined until the constitutive constraint and equilibrium are
satisfied simultaneously. It {s intriguing that the associated inelastic
flow corrections lead to a stress relaxation which 18 particularly
pronounced in the stronger element B subjected to elastic unloading.

In the previous study the incrementation was chosen in such a way that the
initial predictor step was causing strain-softening in the weaker element
only. In this case all three algorithms summarized in the Appendix
captured the localizatinn of strain-softening in element A, whereby the
tangent modulus-return scheme was most efficient because of its rapid
convergence within two iterations. However, this conclusion only holds
for the refined staging strategy in which incipient softening {s traced
for one element at a time. Therefore in a complex structure the continua-~
tion procesc would have to be subdivided into extremely fine increments in
nrder to capture separate localization events in each softening element,
This procedure corresponds to the original proposals of elastic-plastic
computations at the end of the 1960's in which the load incrementation was
adapted to incipient ylelding of the most critical element within the
mesh., 1In computational practice we have to resort to much bolder staging
strategies which are independent of the different localization points in
the continuat{on process. In fact the determination of the next localfiza-
tion point 1s in general quite costly particularly when arc-control is
used, Therefore a more pragmatic approach resorts to the following
strategy for a prescribed load increment :

(1) determine from the elastic predictor step the most critical
trial stress state within the structure

(11) monitor the structural response due to softening within this

critical element, while preventing all other elements from strafin
localization,

This strategy was certiinly successful when the present model problems
were analyzed with large load increments, which might otherwise have
resuited {n the simultaneous softening of all elements. Because of the
extensive search and sorting effort this approach {s equally costly since

1t invnlves continuous exchanze hetween structure and element oriented
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oriented data within large scale finite element programs. Therefore {t is
highly desirable that the solution algorithm capture localfzatlion
automatically without resorting to the artifacts above.

To this end we return to out two model problems and examine the perform-
ance of the three solution algorithms summarized in the Appendix. The
load {s applied in two large increments; the first is purely elastic while
the second leads to simultaneous softening cf all elements. Fig. 6 de-
picts the localization of deformations within the structure as predicted
by the initial load method. Observe the snap back and the elastic recov
ery of the stronger elements within the second iteration of the second
increment. The initial load method captures the strain localization in
spite of the fact that the initial elastic predictor ste; mobilizes
strain-softening in all elements. In fact this snap back in the stronger
elements {8 captured by two essential {ngredients of the algorithm

(1) the inf{tial elastic stiffness {s utilized throughout the analysis
along :he line of Sq. 28.

(11) during elast{c-lnelastic transition the penetration point is
located through the contact parameter, £.

In fact {t {s tu2 latter argument whlch results in elastic snap back of
the stronger elements because of predominant softening in the weak
element. 1In the case of the two bar model problem the initial load method
determines the increment of the free displacement degree of freedom Ar
according to the following {teration scheme

i+1] {
(kr\ + kB) Afl ARf

+ AR Qan
u

where k, and kg denote the elastic stiffnesses of elements A and B.

The crack driving force due to strain-softening in the two elements is

given by

1. { 1
ARf (AAf AE)A + (Axf AE)B (32)

where the fracture parameter for uniaxial tensfion is

Aki

te Q- ey — B ae = 1232 (0 - el ae (33)
E. + E

f

Tne cnntact parameter £ locates the penetration point for

>

elastic-inelastic transition according to linear interpolation

PR U N W W R NS PP I DR SN SOV



- a0 - a_ﬁ——J_. O SWBNDNY 5
b1 ! 7 r & SLENOYT B
o )

]
2.l
<« %20
x :
[ 000000
-
S 4 °
4 (-4
| R
o
3o -
T . b - -~ ce. T0
Farcp aliek L) e TOANRAIOINY
- S - - - - - z -
- AN
vieebNY o0
]
i
Py
- '
- ne
7

Y244 44444444

LI . —_—

o0 -] 100 16 0 20 o 28 0 300
TOTAL NUMBER 0OF fYTRATIONMY

Fic. © StRAIN LOCALIZATION FOR CCARSE STAGING

17




where 0 < £< 1 (34)

-0 for >
c n °n+l o

Oy denotes the ifnit{al value of the tensile strength oy - ot(e?) and

i .
% and Tael are the initial stress and the current value of the

trial stress state. We observe that £ = O for continuous loading and
reduces to £=]1 {f oi+l < Oy e The strain increment 4c in Eq. 33 can

be expressed in terms of the displacement increment which yields for the
crack extension force

t 1,1 t i
8Re = 1.232 k (1 = g )ary = 1.232 k(1 - EB)(Arp - &r)) (35) -

where Ar, = Arp denotes the prescribed displacement increment. In the
case when the weak element has arrived at the elastic limic g - 0 and
when the sufficiently small load increment is applied such chat 58 n ]
then the iterative corrector equation (Eq. 31) reduces to

1+1 i

(k +k)A1 ’10232‘( Al'1+k

A Arp (36)

B
Convergence of the {aitial load iteration is assured since

1.232 kA
= 0.58 < 1 in
k, +k

A B

We observe that strain-softening results in overrelaxation c¢f the fracture
parameter oxf in Eq. 33 because of the magnification factor E/(Eg + E) =

1.232 > 1. Therefore we could ask the question what i{s the limiting

softening modulus E% for which convergence breaks down when

£
Ef + E kA + kB (38)

The convergence limit is reached when Ef = E% = -1423 ksi. For the

fracture energy release rate of 62-0.322 1b/in. this limitacion results
in the maximum element height of

hc = 5,47 1n 39

below which convergence can be assured. Note that this global ccnvergence
limitation is constiderably more restrictive than the weak uniqueness con-
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dition in Eq. 22 which was based only on the local material consideration

-Ef < E = 2800 ksl (60)
Clearly these elementary convergence observations are complicated by the
general transition problem which has to be considered for large load
increments, when both elements extend into the softening regime. However,
from the higher stress state in the weak element A we conclude that EA
< EB which signals predominant softening in eclement A and results in
the snap-back of the stronger element B into the elastic recovery regime
according to Eq. 35.

Let us now examine the performance of the modified tangent modulus return
scheme summarized in the Appendix. This particular strategy was developed
by Vermeer {16] for the solution of non-associated shear dilatancy prob-
lems and it perfomed best among the numerous variations of tangential
methods which were recently assessed in Ref. [21]. This strategy essen-
tially consists of three parts an elastic predictor step and for plastic
loading a subsequent plastic corrector step which is combined with the
out-of-balance equilibrium step depicted in the flow chart of the Appen-
dix. Unfortunately, many recent publications focus on a particular aspect
of the algorithm such as the plastic corrector step and leave the import-
ant details of initial staging and synthesis with the out-of-balance
equilibrium correction to the reader. In any case the plastic correction
involves in general the solution of elastic-plastic transition problem for
the contact point denoted by the subscript “c¢” and the tangential computa-
tion of the tntermediate state "1 which is subsequently returned to the
current yleld surface by the plastic flow corrector. The essential step
18 i{n this case the calculation of A\l from the incremental format of

the consistency condition using a Taylor expansion about the intermediate
configuration and assuming that the total strain increment during flow
correction remains constant. This ylelds for the plastic parameter the
following expression

1
1 < F (o, oy) >

AN = (41

Ef +at E m
when the intermediate trial stress state exceeds the current yield condi-
tion. 1In contrast to the initial load method which returns after each
{teration to the initial stage “n” the state variables are now continuous-
ly updated in the spirit of the Newton-Raphson iteration strategy.
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In the case of our single degree of freedom model problem the rangent
modulus return scheme results in the following iterative corrector of the
incremental equilibrium relation

(o, + ko arp = R - st o RS+ aR] (42)
For uniaxial conditions and linear hardening/softening laws the
{ntermediate predictor state will remain on the yield surface, thus AR}
= 0, Similiarly 1f we monitor the load history such that only the weaker
element {8 subjected to incipient softening AR? = 0 and the tangent
stiffness 19 confined to element A. Since there are no external loads
applied at the free degree of freedom, Eq. 42 reduces in the case of the
fine staging strategy to

i+l i

1 )
(kA,T + kB) Ar) = -(Ao )A + (Ao Ig (43)
i _ i_ i
where %4 %, + ET AeA AxfE
and a1 =g, + E & ¢l
B B B

where the righthand side represents the out-of-balance force of the free
degree of freedom. For the fine staging strategy the tangent modulus
return scheme captures immediately softening of the weak element A and

elastic unloading of the stronger element B resultiang in a convergent
solution after one {teration.

However, in the case of the coarse staging strategy, where both elements
mobilize softening the tangent modulus return scheme results in divergent
osciliations since (kp + kg)T is now negative definite. As a result

the tangent modulus return scheme breaks down prematurely because of its
inabiiity to snap back. Only in the case of extremely careful staging of
the load increments the tangent approach captures the strain localization
within the structure. Ultimately failure will occur when the tangent
stiffness looses positive definiteness which leads to the same restriction
of the softening mndulus E% = -1,423 ksi as the initial load method.

The third method, the initial modulus return scheme in the Appendix {s
very similar to the tangent modulus return method except for the initial
stiffness which is retained throughout the iteration process. The plastic
flow corrector step has been discussed extensively in Ref. [22]) and
corresponds esgsentially to the flow correction from the intermediate
state, Eq. 41. The performance of this algorithm {s very similar to the
intttal load method. For fine staging convergence is obtained in
approximately the same number of {terations. For coarse staging snap back
is oscillatory and not as prompt as in the inftial load method. However,
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the same strain localization {5 attained in the weak element when two
large load Increments are used.

We conclude that the localizarion of strain-softening computaticns imposes
severe restrictions on the staging strategy when tangential approaches are
used. The inf{t{al stiffness methods are in this regard less restrictive
and capture gtrain localization irrespectively; of the magnitude of the
load increments, All methods, hawever, break down when the tangent
stiffness looses pos{tive definiteness. Therefore an in-depth effort is
presently on the way to explore the capabilities of the arc-length methods
(23,24]) to capture strain localization. Initial results for elastic
softening waterial laws indicate very promising results when the modified
constant arc length normal-projection method [23] is extended by
orthogonality constrzints between the ‘nitfal displacement predictor and
the iterative displacement corrections using the initial stiffness
throughout the fteration history. In this case stable strain localization
was obtained for our model problems using strain-softening moduli Ef <
=1.423 ksl which fully contaminated the positive definiteness of the
tangent stiffness operator., These results will be detailed in a
forthcoming publication.
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COMPOSITE FRACTURE MODEL FOR STRAIN SOFTENING COMPUTATIONS OF CONCRETE
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ABSTRACT

The composite fracture model will be delineated which monitors constant
fracture energy release rates in tension within an equivalent strain
softening plasticity formulation. Its predictive value will be 1)llustrated
with the one-dimensional model problem of a unfaxial tension member which
has been previously used to query the well-posedness of quasistatic and
dynamic strain softening computations.

INTRODUCTION

It 1s widely accepted that post-critical experiments under stroke control
are not only accompanied by changes of the internal microstructure but also
by changes of the macrostructure in the form of localized fracture zones
which penetrate the test specimen of finite dimension. Therefore strain
softening requires homogenization of the non-uniform deformation process in
order to extract ductility properties from servo-controlled experiments
which do not only hold for a specific test configuration. In the case of
plain concrete the underlying issue of 2 single macrodefect versus distridu-
ted microdefects 1s further complicated by the composite nature of the
mortar-aggregate mixture, Clearly, the tortuous character of the macro-
defects and the progressive localization of distributed microdefects cast
considerable doubt on the validity of fracture mechanics on one hand and on
the relevance of continuous damage mechanics on the nther hand. The princi-
pal question centers around the issue if progressive failure is a surface or
3 volume dominated process. In direct tension there is 1ittle argument that
the formation of a discrete macrocrack poses a fracture mechanics problem in
which the enerqy expended for the crack formation is approximately propor-
tional to the surface area generated, {.e. Gy = constant. However, in the

case of splitting compression and even more in the case of faulting modes of
failure this prodblem is far from resolved and has been recently forwarded in
the form of the provocative question, 1f the formation of "shear bands is
sheer nonsense” in the case of brittle materials.
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In the subsequent deveiopment the composite fracture model will be brief-
ly outlined which incorporates the constant fracture enerqy release rate
concept into the strain softening formulation of an equivalent elastic
plastic solid. The general formulation will be subsequently appiied to the
solution of a one-dimensional model problem 1n which a unfaxial specimen is
subjected to increasing tension., Because of tensile softering, strain
localization takes place in a transverse crack band wnerever the stress
amplitude first exceeds the governing tensile strength. The trapping of
tensile deformations appears irrespective of the underlying strain softening
mechanics which may resort to singular fracture or distributed damage modes
of failure. The strain localization simply reflects the continuum approxi-
mation of the actual crack discontinuity and the concomitant separation of
the specimen into two unloading components.

In the recent past considerabie discussion has centered acout the well-
posedness of quasistatic and dynamic strain softening computations (1), the
uniqueness of rate-sensitive material formulations (2], the advantages of
viscoelastic and/or viscoplastic strain softening models (3], and alterna-
tively the need for non-local continuum theories along the 1ine of the
imbricate formylation of_long range deformation measures [4,5]. Some of -
these arguments will be addressed in the context of the elementary model
problem for which the composite fracture formulation provides both a unique
and mesh-insensitive solution of the fracture energy [6). In fact, we will
observe that the wave propagation problem is computationally less demanding
than the corresponding quasistatic strain softening analysis of continua.

COMPOSITE FRACTURE MODEL

The composite fracture formulation was recently developed by the authors
in order to introduce the constant fracture energy release rate concept into
stréin softening computations of an energy-equivalent continuum, The ori-
ginal approach in ref. [7] started from two independent softening mechanisms
for Mode | type debonding in tension and for Mode [l type decohesion in
shear considering some 1imited interaction [18]. Based on new experimental
evidence on low strength concrete which was tested under stroke control in
direct tension and low confined compression, a fracture enerqgy based strain
softening plasticity model was subsequently developed in ref. {8]. In this
case decohesion under low confined compression was expressed in terms of
Mode | type fracture which was monitored in terms of an equivalent tensile
rather than a shear strain measure, The point of departure for the fracture
based strain softening plasticity model was the Leon criterion of triaxial
strength [9]) which corresponds to a parabolic generalization of the Mchr-




- ® Coulomb criterion augmented by the appropriate tension cut-off conditions.
This formulation resorts to a single tensile strain controlled softening
mechanism which describes splitting compression and shear fauiting in terms
of the fundamental Mode [ type fracture process [19].

- - o >

In view of the nature of the elementary model problem below we will focus
® on the composite fracture model for Mode I type cracking in tension. In
this case the formulation corresponds to the strain softening plasticity
N model of Nilsson and Oldenourg [10] when the fracture condition degenerates
to the maximum stress criterion of Rankine:

-
- -

Fle,Q) = o, - 0,(q) » 0  where o9, * o (1)

t
3 and 0y 2 07 2 0y
For {sotropic conditions the normal tensile stress o, coincides with the

g & major principal stress, i.e. on * g;. For permanent crack memory sub-
sequent cracking is monitored separately along the three directions defined
oy the first crack occurrence, The tensile strength parameter °1 describes
the degradation of bond stresses in terms of the internal variables qQ

% which characterize the tensile fracture deformations ‘1 along the *rree
crack directions. This “orthotropic” softening strateqy deviates si.ghtly
from the isotropic formulation used previously (8] in which an equivilent
tenstle strain ty was extracted from the inelastic strain tensor which
monitors the degradation of tensile strength. For rotating stress direc-
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o tions the orthotropic approach requires however additional provisions along
the Vine of the rotating crack model of Schnobrich et al. (11].
;: In the case of localized macrodefects the fracture energy release rate
Y G} describes the degradation of tensile strength op in terms of the
K e crack opening displacement us. Therefore the fracture energy formuiaticn

of strain softening has to establish a relationship between the crack
opening displacement ug and the nominal tensile strain measure ¢f in the
equivalent continuum, To this end let us consider the elementary volume
Ve ® hebt depicted in Fig. 1 which is composed of an intact elastic
& o region and a contained crack band of the area Ar= bt, where t denotes the
thickness. Ffracture of the composite fracture element should release the
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same amount of fracture enerqy as that of the equivalent continuum element

when the crack band propagates through the elementary volume, A simple

energy consideration leads to the following definition of the strain soft-
- ening moduius E¢ of the equivalent continuum in terms of the fracture

-

-
P

‘ modulus €4 and the underlying fracture energy release rate G:
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Ve do, dzﬁ},
L — s __.. 8 \
Ep = €y R, where E, @, 3;7; (2}

Clearly in the case of a uniaxial tension specimen the characteristic length
Ve/Ar corresponds to the height of the elementary volume h, which

converts the crack opening displacement into the overall extension of the
composite fracture element after elastic unloading, Therefore the charac-
teristic length plays the role of the gage length which calibrates the
“nominal* fracture strain 'y in the form

A A
dc: = -\71 du: where '\TL -l (3)
e e

A more fundamental viewpoint regards the volume fraction Ag/V, as
microcrack density which maps the fracture surface area into an equivalent
volume quantity. Note that Eq. 3 is the key to the homogenization of
localized macrodefects into a fracture energy equivalent continuum.

In a computational environment the characteristic length Va/A¢
corresponds to a representative dimension of the mesh size, i.e., the cubic
root of the Jacobian if an {soparametric finite element formulation is
utilized. This elemental approach ensures that the proper amount of
fracture enerqy is released when a single element {s subjected to complete
softening, Clearly the localization of strain softening within the
structura)l idealization is a separate issue which requires computational
provisions in order to capture snap-back phenomena during the iterative
correction phase of the incremental staging strategy (6].

The remaining formulation of fracture energy based strain softening
follows the traditional derivation of strain contrclled elastic plastic
solids. Resorting to an associated flow rate and the usual additive
decomposition of the deformation rate we find in the absence of
elastic-plastic ccupling the following evolution laws for the

£lastic Response: ‘" E(E - Qf) (4)

Fracturing Response: ;f =0 where n = %f_ (5)
[

The consistency condition f s 0 leads to the strain-based loading condition
for progresstva cracking




G0 0 it ntEc¢>0 (6)

when the trial stress rate ;T =€ ¢ has a component in the positive
direction of the normal n. The fracture parameter follows from

t .
s L4} EC (7)

A
f Ef¢ nE n

where the fracture-based strain softening modulus was defined in Eq. 2

o, 3 v
_L_'.-sd_i (8)
auf acf Af

E,L o
This formuiation for a single active crack readily extends to cracking in
two and three orthogonal ¢rack planes, whereby trial stress states in the
vertex region require the simultaneous solution of two contiguous fracture
parameters i: and ii along the line of simultaneous plastic flow in the
case of multiple loading surfaces.

As a result the tangential material law of the eguivalent alastic strain
softening continuum is defined by

En n‘t
Ef + ntE n

o ET . where ET s € - (9)

The fracture enerqgy hasis of the strain softening modulus in Eq. 8
ensures that the fracture energy released within each elementary volume
remaing constant irrespective of the size of the finite element, We note
that the weak requirement for loca) uniqueness (6] infers that the
denominator in Eq. 9 remains positive, i.e.,

£, ¢ ntEn>0 (10)

T™his restriction infers for ynfaxial conditions that

£ E (11)

which results in the following Vimitation of the characteristic dimension

of the elementary volume
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This condition imposes severe restrictions on the choice of the maximum mesh
< .
size hpay he

MODEL PROBLEM

let us examine the computational aspects of the composite fracture model
when applied to the analysis of a unfaxial specimen subjected to increasing
tension.

In the quasistatic case of a uniform tension specimen the localization of
the softening zone 1s a problem of its own. The homogeneous deformation
problem requires first deterministic or probabilistic identification of the
crack location via initia) imperfections in the form of variations of the
tensile strength or the cross-sectional properties. In the case of the
discrete fracture approach of Ingraffea and Saouma [12] and the fictitious
crack model of Hilleborg et al. [13], a real or fictitious crack element
would have to be incorporated into the mesh lay-out in the form of a
discrete interface element which monitors the fracture energy release rate
directly in terms of the ensuing crack opening displacement. In the case of
the blunt crack approach of Bazant et al. [14] the initial mesh lay-out
would also have to be changed in order to accommodate the blunt crack
element at the crack locatfon which now has finite rather than zero width in
the order of three times the aggregate size.

In contrast the composite fracture model does not require remeshing as
long as strain softening s Yocalized within a single element. In this case
the proper amount of fracture enerqgy 1s released irrespective of the loca-
tion of the "weak” elemant along the axis of the tension specimen. In view
of the incremental format of strain-softening computations it s however
crucial that strain softening and the concomitant deformetion trapping will
be localized within a single element. This infers that the iterative
corrector phase of the solution strateqy must capture elastic snap back
within elements for which the initial predictor step might erroneously
signal softening. As a result the tangent modulus return scheme might not
only lead to premature difficulties with the loss of positiveness of the
tangent stiffness matrix but also to wrong fracture energy release predic-
tions when no special provisions are made for "iterative reversibility"
within the load increment. In fact it was shown recently by the authors (6]




that the classic initial load method and the initial modulus return scheme
® are better suited for capturing strain localization in a single element when
the contiguous elements are similtaneously unloading elastically.

Quasistatic Study
Fig. 2 f1lystrates the geometry and the material properties of the model

® problem, The tension specimen {s subjected to monotonically increasing end

displacements which result in a uniform tension in the absence of initial

imperfections. The finite element idealization of half the bar with three

elements of different length results in a uniform stress distribution in the
° entire bar, and only numerical round-off eventually leads to localized soft-

ening in the short element A, Fig. 3 depicts the overall solution in terms

of the nominal stress versus axial extension diagram of half the bar, the

area under which provides a measure of the fracture energy release rate.
Reduction of the cross-sectional area from A = 1.0 to A, * 0.99 leads to
9 predetermined strain localization and deformation trapping in the weak ele-
ment, a concept which has previously nroposed by Prevost and Hughes (15] 1n
; order to initiate localization., 1In the case of the composite fracture
! model, in which the strain softening modulus €, depends on the size of
the weak element h" the fracture energy release rate remains constant
when either of the three elements is weakened. In the case of the tradi-
g tional strain softening formulation in which Ef does not depend on mesh
: size, the corresponding results indicate that the ductility and thus the
underlying fracture energy release rate strongly depends on the size of the
® weak element h_, see also Crisfield [16].
The axial distribution of tensile strains 1s shown in Fig. 4 for the
constant fracture energy and the constant strain softening formulations.
The composite fracture model results in all three cases {n {dentical
i fracture enerqgy release values and thus in a corresponding decrease of
v tensile strain leve)l when the size of the weak elements increases from hp
= S tohg * 15 and he = 30 (see also Fig. 3a). The constant strain
softening model in contrast leads to the same level of tensile straining in
each of the weakened elements and thus to a drastic decrease of ductility

and corresponding fracture energy as the size of the weak element decreases
(see also Fig., 3b). In the 1imit this would result in 2ero fracture energy
expended when softening localizes in an element of infinitesimal size. This
disturbing aspect of the traditional strain-softening approach has been
rightly criticized in the past by Bazant at al, [4,14]. We might add that
) the computational difficulties which arise with maintaining stable contro)
of the post-critical response predictions are exacerbated by increasing

h




brittleness and could become prohibitive in the case of actual snap-back
conditions. The numerical results above were obtained with the incremental
initial load {teration method in which the injtial elastic stiffness matrix
remains constant during the entire solution phase. There was no need for
arc length stabilization since the underlying tangent stiffness maintained
positive definiteness in all three cases, as detailed 1n ref. [6].

Oynamic Study
In the second part of this study the same model problem was analyzed with

the aid of the explicit finite element code DEGDYN which was developed by
one of the authors [17] for the dynamic investigation of concrete dams. In
this case the uniaxial bar was subdivided into 9, 21 and 97 elements of
equal length and subjected to the constant velocity ¢ = 0.50 at both ends,
see Fig. 5. In contrast to the quasistatic problem, no special provision
was necessary to capture localization of the strain softening zone in the
stress wave problem. The analytic solution was recently reviewed by Bazant
and Belytschko [5] for which a well posed solution was found irrespective of
the loss of hyperbolicity of the underiying characteristic wave equation in
the softening regime.

Figs. 6 and 7 compare the numerical results of the composite fracture
model with those of the traditional strain Zoftening approach in which the
softening modulus is kept constant irrespective of the mesh size., The
resulting stress histories and the associated values of the fracture energy
release rates clearly demonstrate the extreme mesh sensitivity of those
quantities when Ef = const. On the other hand, the composite fracture
model maintains constant fracture energy reiease rates without resorting to
non-10¢al continuum theories along the line of the recent imbricate
continuum propasal of ref. [4] for resolving this basic deficiency of the
traditional strain softening approach.

Fig. 8 {1lustrates the various degrees of localized deformation trapping
at the center of the tension specimen., (learly it is a question of spatial
resolution to capture tensile cracking and actual separation cf the bar
within the strain-softening formulation of an equivalent continuum. We
observe that both formulations reproduce the actual separation phenomenon
quite well, In fact, the conventional strain softening approach leads to a
sharper approximation of the localized strain discontinuity at the center of
the bar where ¢ » @ as h, » 0. On tha other hand, tha composite fracture

model enforces constant fracture energy release rates frrespective of the




%

particular element size he‘ In view of the actual separation process,

it appears questionable 1f non-local continuum theories are really appro-
priate because they prevent sharp strain localization in the neighborhood of
the actual discontinuity and distribute softening and thus failure over a
long-range regime.

CONCLUDING REMARKS

A strain softening plasticity model was developed based on the composite
fracture concept of homogenizing fracture discontinuities into an energy
equivalent continuum. In view of the one-dimensional nature of the static
and dynamic model problems the main thrust of the exposition was focused on
mode | type cracking. The composite fracture formulation has been extended
in [8,19] to mixed mode fracture in the form of splitting compression and
shear faulting modes of failure in order to develop a unified approach
towards softening in tension and compression,
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